MIT/WHOI  2008-09 


Massachusetts  Institute  of  Technology 
Woods  Hole  Oceanographic  Institution 


Joint  Program 
in  Oceanography/ 
Applied  Ocean  Science 
and  Engineering 


1930 


DOCTORAL  DISSERTATION 

Turbulent  Convection  in  an  Anelastic  Rotating  Sphere: 
A  Model  for  the  Circulation  on  the  Giant  Planets 

by 

Yohai  Kaspi 
June  2008 


20081 020227 


MIT/WHOI 

2008-09 


Turbulent  Convection  in  an  Anelastic  Rotating  Sphere: 
A  Model  for  the  Circulation  on  the  Giant  Planets 


by 


Yohai  Kaspi 


Massachusetts  Institute  of  Technology 
Cambridge,  Massachusetts  02139 


and 


Woods  Hole  Oceanographic  Institution 
Woods  Hole,  Massachusetts  02543 


June  2008 


DOCTORAL  DISSERTATION 


Funding  was  provided  by  the  Woods  Hole  Oceanographic  Institution  Academic  Programs  Office, 
Massachusetts  Institute  of  Technology  Presidential  Fellowship,  the  Chamey  Fellowship,  National 
Science  Foundation  Grant  No.  OPP-9910052,  OCR0137023,  AST-0708106  and  National  Aeronautics 
and  Space  Administration  Grant  No.  NN-6066GC286. 

Reproduction  in  whole  or  in  part  is  permitted  for  any  purpose  of  the  United  States  Government.  This 
thesis  should  be  cited  as:  Yohai  Kaspi,  2008.  Turbulent  Convection  in  an  Anelastic  Rotating  Sphere: 
A  Model  for  the  Circulation  on  the  Giant  Planets.  Ph.D.  Thesis.  MIT/WHOI,  2008-09. 


Approved  for  publication;  distribution  unlimited. 


Approved  for  Distribution: 


Robert  A.  Weller,  Chair 
Department  of  Physical  Oceanography 


Paola  Malanotte-Rizzoli 
MIT  Director  of  Joint  Program 


James  A.  Yoder 

WHOI  Dean  of  Graduate  Studies 


Turbulent  Convection  in  an  Anelastic  Rotating  Sphere: 
A  Model  for  the  Circulation  on  the  Giant  Planets 


by 

Yohai  Kaspi 

B.Sc.,  Hebrew  University,  2000 
M.Sc.,  Weizmann  Institute  of  Science,  2002 


Submitted  in  partial  fulfillment  of  the  requirements  for  the  degree  of 

Doctor  of  Philosophy 
at  the 

MASSACHUSETTS  INSTITUTE  OF  TECHNOLOGY 

and  the 

WOODS  HOLE  OCEANOGRAPHIC  INSTITUTION 
June  2008 

©2008,  Yohai  Kaspi.  All  rights  reserved. 


The  author  hereby  grants  to  MIT  and  WHOI  permission  to  reproduce  and  distribute 
publicly  paper  and  electronic  copies  of  this  thesis  document  in  whole  or  in  part  in  any 
medium  now  known  or  hereafter  created. 


Author . j.yS.C?...  . . 

Joint  Program  in  Physical  Oceanography 
Massachusetts  Institute  of  Technology  and  Woods  Hole  Oceanographic  Institution 

May  7th  2008 

Certified  by...  . . 

Glenn  R.  Flierl 
Professor 

^  yY  Thesis  Supervisor 

Accepted  by  . 

'  ^  Raffaele  Ferrari 

Chair,  Joint  Committee  for  Physical  Oceanography 
Massachusetts  Institute  of  Technology  and  Woods  Hole  Oceanographic  Institution 


Turbulent  Convection  in  an  Anelastic  Rotating  Sphere: 

A  Model  for  the  Circulation  on  the  Giant  Planets 

by 

Yohai  Kaspi 

Submitted  to  the  Massachusetts  Institute  of  Technology  and  Woods  Hole 
Oceanographic  Institution  on  May  2008  in  partial  fulfillment  of  the  requirements  for 

the  degree  of  Doctor  of  Philosophy 


ABSTRACT 

This  thesis  studies  the  dynamics  of  a  rotating  compressible  gas  sphere,  driven  by 
internal  convection,  as  a  model  for  the  dynamics  on  the  giant  planets.  We  develop 
a  new  general  circulation  model  for  the  Jovian  atmosphere,  based  on  the  MITgcm 
dynamical  core  augmenting  the  nonhydrostatic  model.  The  grid  extends  deep  into 
the  planet’s  interior  allowing  the  model  to  compute  the  dynamics  of  a  whole  sphere 
of  gas  rather  than  a  spherical  shell  (including  the  strong  variations  in  gravity  and  the 
equation  of  state).  Different  from  most  previous  3D  convection  models,  this  model  is 
anelastic  rather  than  Boussinesq  and  thereby  incorporates  the  full  density  variation 
of  the  planet. 

We  show  that  the  density  gradients  caused  by  convection  drive  the  system  away 
from  an  isentropic  and  therefore  barotropic  state  as  previously  assumed,  leading  to 
significant  baroclinic  shear.  This  shear  is  concentrated  mainly  in  the  upper  levels 
and  associated  with  baroclinic  compressibility  effects.  The  interior  flow  organizes 
in  large  cyclonically  rotating  columnar  eddies  parallel  to  the  rotation  axis,  which 
drive  upgradient  angular  momentum  eddy  fluxes,  generating  the  observed  equatorial 
superrotation.  Heat  fluxes  align  with  the  axis  of  rotation,  contributing  to  the  observed 
flat  meridional  emission.  We  show  the  transition  from  weak  convection  cases  with 
symmetric  spiraling  columnar  modes  similar  to  those  found  in  previous  analytic  linear 
theory,  to  more  turbulent  cases  which  exhibit  similar,  though  less  regular  and  solely 
cyclonic,  convection  columns  which  manifest  on  the  surface  in  the  form  of  waves 
embedded  within  the  superrotation.  We  develop  a  mechanical  understanding  of  this 
system  and  scaling  laws  by  studying  simpler  configurations  and  the  dependence  on 
physical  properties  such  as  the  rotation  period,  bottom  boundary  location  and  forcing 
structure. 

These  columnar  cyclonic  structures  propagate  eastward,  driven  by  dynamics  sim¬ 
ilar  to  that  of  a  Rossby  wave  except  that  the  restoring  planetary  vorticity  gradient 
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is  in  the  opposite  direction,  due  to  the  spherical  geometry  in  the  interior.  VVe  fur¬ 
ther  study  these  interior  dynamics  using  a  simplified  barotropic  annulus  model,  which 
shows  that  the  planetary  vorticity  radial  variation  causes  the  eddy  angular  momen¬ 
tum  flux  divergence,  which  drives  the  superrotating  equatorial  flow.  In  addition  we 
study  the  interaction  of  the  interior  dynamics  with  a  stable  exterior  weather  layer, 
using  a  quasigeostrophic  two  layer  channel  model  on  a  beta  plane,  where  the  colum¬ 
nar  interior  is  therefore  represented  by  a  negative  beta  effect.  We  find  that  baroclinic 
instability  of  even  a  weak  shear  can  drive  strong,  stable  multiple  zonal  jets.  For  this 
model  we  find  an  analytic  nonlinear  solution,  truncated  to  one  growing  mode,  that 
exhibits  a  multiple  jet  meridional  structure,  driven  by  the  nonlinear  interaction  be¬ 
tween  the  eddies.  Finally,  given  the  density  field  from  our  3D  convection  model  we 
derive  the  high  order  gravitational  spectra  of  Jupiter,  which  is  a  measurable  quantity 
for  the  upcoming  JUNO  mission  to  Jupiter. 

Thesis  Supervisor:  Glenn  R.  Flierl 

Title:  Professor,  Massachusetts  Institute  of  Technology 
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Chapter  1 


Introduction 


1.1  Motivation 

The  Study  of  Geophysical  Fluid  dynamics  (GFD)  has  evolved  tremendously  over  the 
past  60  years.  Although  not  complete,  we  have  today  a  good  basic  understanding  of 
many  of  the  physical  processes  governing  the  dynamics  of  Earth’s  oceans  and  atmo¬ 
sphere.  Many  of  the  unresolved  complexities  come  from  the  complicated  interactions 
with  continental  boundaries,  ice,  topography,  ocean  bathymetry,  and  air-sea  interac¬ 
tions.  The  giant  planets  which  are  mainly  homogeneous  fluid  objects  do  not  have 
many  of  these  complexities  and,  due  to  their  fast  rotation  and  large  scales,  could  be 
considered  as  ‘ideal”  GFD  objects.  Yet,  much  of  the  dynamics  on  these  objects  are 
still  poorly  understood.  These  planets  reveal  some  of  the  most  striking  dynamical 
phenomena  in  the  solar  system  such  as  intense  multiple  jet  streams  and  long-lived 
Earth-sized  storms.  Therefore  studying  of  the  dynamics  of  the  giant  planets  brings 
opportunity  for  understanding  how  such  deep  atmosphere  may  work  and  gives  a  crit¬ 
ical  insight  to  our  understanding  of  basic  GFD  phenomena. 

1.2  The  Atmospheres  of  the  Giant  Planets  of  the 
Solar  System 

The  four  outer  planets  of  the  solar  system  are  mainly  fluid  objects.  Due  to  the  light 
elements  constituting  these  planets  they  do  not  condense  at  solar  system  temperatures 
and  therefore  do  not  have  a  solid  surface;  rather  their  atmospheres  are  deep  and  merge 
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smoothly  with  the  planet’s  fluid  interiors.  Despite  their  size  they  all  rotate  faster  than 
Earth,  and  all  have  latitudinal  banding  and  high-speed  jet  streams.  Weather  patterns 
have  a  time-scale  ranging  from  weeks  to  centuries,  and  internal  heat  sources,  due  to 
gravitational  contraction,  are  big  and  comparable  in  strength  to  the  external  heating 
from  the  sun.  Even  Uranus,  whose  rotation  axis  is  tipped  in  98^  relative  to  its  orbital 
axis,  still  exhibits  many  of  the  same  phenomena.  Here  we  review  the  characteristics 
obtained  by  observations  of  the  atmospheres  of  Jupiter,  Saturn,  Uranus  and  Neptune. 

1.2.1  The  Wind  Structure 

Zonal  Jets:  The  dominant  feature  on  all  the  outer  planets  are  strong  zonal  jets. 
Both  Jupiter  and  Saturn  have  strong  prograde  eastward  equatorial  jets  around  the 
equator  with  weaker  multiple  east-west  zonal  jets  away  from  the  equator  in  each 
hemisphere.  On  Jupiter  the  equatorial  superrotating  region  extends  17°  in  latitude 
north  and  south  of  the  equator  (Figure  1.1),  with  a  maximum  wind  speed  of  140  m/s, 
whereas  on  the  Saturn  wind  speed  of  the  equatorial  eastward  jet  reaches  400  m/s  near 
the  equator,  and  the  equatorial  superrotation  extends  roughly  30°  north  and  south  of 
the  equator.  The  Jupiter  superrotating  equatorial  jet  has  two  peaks  located  8°  off  the 
equator  in  both  hemispheres  with  a  30%  dip  in  zonal  velocity  from  maximum  values 
at  the  equator  itself.  Wind  speed  measurements  are  made  in  reference  to  system  III, 
a  uniform  rotation  rate  which  is  deflned  by  radio  emission  measurements  that  are  tied 
to  the  magnetic  field  which  is  presumably  aligned  with  the  bulk  interior. 

Beyond  the  equatorial  eastward  jet,  Jupiter  has  at  least  six  more  pairs  of  east-west 
zonal  jets  in  each  hemisphere  with  winds  with  a  maximum  of  30  —  50  m/s  ,  includ¬ 
ing  one  stronger  jet  at  24N  with  an  eastward  wind  reaching  130  m/s  .  Most  jets  on 
Jupiter  have  the  character  of  a  sharper  eastward  than  westward  jet,  which  may  be  a 
consequence  of  the  barotropic  stability  limit  and  associated  with  the  positive  plan¬ 
etary  vorticity  gradient  (see  discussion  in  section  7.6).  Until  the  Cassini  spacecraft 
observations  (Porco  et  al.,  2003)  it  was  thought  that  Jupiter’s  jets  extend  only  up  to 
midlatitudes,  but  these  observations  confirmed  that  the  jets  extend  (though  weaker 
than  in  the  low  latitudes),  all  the  way  to  latitude  80°  in  both  hemispheres.  In  the 
high  latitudes  however,  the  zonal  jets  are  not  associated  with  cloud  bands. 

Wind  velocities  are  deduced  from  cloud  tracking  and  therefore  the  assumption 
that  clouds  are  passive  tracers  of  the  wind  is  inherent  to  these  wind  measurements. 
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The  lack  of  topography  and  the  longevity  of  the  cloud  features  on  Jupiter  are  factors 
that  should  reduce  the  uncertainty  of  these  measurements.  Nevertheless,  if  the  cloud 
brightness  or  contrast  is  correlated  to  the  dynamics,  results  might  be  biased  (Vasavada 
and  Showman,  2005).  Observed  streamlines  seem  not  to  overlap  (Ingersoll,  1990)  so 
the  observed  features  seem  to  represent  a  single  layer  near  the  top  of  the  clouds.  Over 
the  past  40  years  of  modern  measurements,  Jupiter’s  zonal  wind  profile  has  remained 
nearly  constant.  The  only  significant  change  was  a  decrease  of  40  —  50  m/5  in  the 
eastward  jet  near  24N  (Simon,  1999).  Smaller  changes  have  been  detected  near  the 
equatorial  region  and  near  the  jet  at  50N. 


Jupiter 

Saturn 

Uranus 

Neptune 

Equatorial  radius  (10^  km) 

71.74 

60.27 

25.56 

24.76 

Oblateiiess  (%  {Re  -  Rp)/ Re) 

6.5 

9.8 

2.3 

1.7 

Mci^s  (1026  Ky) 

18.99 

5.68 

0.86 

1.03 

Mean  density  {Kym~^) 

1330 

700 

1270 

1760 

Sidereal  day  (hr:niin) 

9:55 

10:39 

17:14 

16:06 

Solar  distance  (AU) 

5.2 

9.5 

19.2 

30.1 

Sidereal  period  (years) 

11.9 

29.5 

84 

165 

Obliquity 

3° 

270 

00 

0 

29° 

H-He  fraction  of  mass 

99.99 

99.8 

98.4 

97.9 

Equilibrium  radiating  temperature  (K) 

no 

82 

58 

47 

Solar  Flux  \Vm~^ 

50.66 

14.99 

3.71 

1.51 

Emitted /absorbed  flux  ratio 

1.67 

1.78 

1.06 

2.52 

Tropopause  height  {itib) 

140 

60 

100 

50 

Equatorial  jet  velocity  (m/s*) 

140 

275-400 

-200 

-400 

Number  eastward  jets  over  10%  of  eq.  jet 

13 

6 

2 

2 

Table  1.1:  Properties  of  the  giant  planets  of  the  solar  system  (Irwin  (2003),  or  given 
in  text). 

Saturn  has  a  much  more  subdued  appearance  than  Jupiter  due  to  being  masked 
by  tropospheric  and  stratospheric  haze  associated  with  ammonia  condensation.  Yet, 
its  atmosphere  is  even  more  energetic  than  Jupiter’s.  The  wind  structure  is  dom¬ 
inated  by  the  wide  equatorial  jet  which  unlike  the  Jupiter  case  has  gone  through 
some  significant  variations  between  the  Voyager  (1981)  and  the  Cassini  (2005)  ar¬ 
eas.  Voyager  measurements  (Ingersoll  et  al.,  1984)  have  found  the  equatorial  jet  to 
reach  470  m/s,  while  more  recent  cloud  tracking  by  Hubble  space  telescope  during  the 
period  1996-2004  showed  a  decrease  in  the  intensity  of  the  equatorial  jet  to  275  m/s 
(Sanchez-Lavega  et  al.,  2003).  Measurements  by  the  Cassini  spacecraft  in  2004  (Porco 
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et  al.,  2005)  have  esstimated  the  equatorial  jet  to  be  between  250  m/5  to  400  m/5.  A 
possible  reason  for  the  variation  over  time  is  the  fact  that  the  obliquity  on  Saturn  is 
26.7°,  and  therefore  seasonal  changes,  including  the  significant  variation  in  insolation 
due  to  the  shadow  of  the  rings,  may  have  caused  these  changes.  The  high  latitude 
jets,  however,  have  been  persistent  over  this  period  with  three  distinct  eastward  jets 
(center  latitudes  higher  than  45°)  in  each  hemisphere,  all  with  maximum  wind  speed 
over  100  m/5  (Figure  1.1). 

The  ice  giants  Uranus  and  Neptune  are  different  than  Jupiter  and  Saturn.  Their 
hydrogen-helium  atmosphere  is  only  a  small  component  of  their  mass  which  is  mostly 
composed  of  a  large  ice-rock  interior.  The  denser  ice-rock  interior  is  estimated  to 
occur  roughly  5000  km  below  the  cloud  level  (Irwin,  2003).  Unlike  the  gas  giants 
the  ice  giants  have  retrograde  winds  at  the  equator.  The  mean  wind  profiles  of  both 
planets  are  smoother  than  the  gas  giants  with  a  westward  broad  jet  at  low  latitudes, 
and  an  eastward  jets  at  high  latitudes.  The  equatorial  subrotating  jet  on  Uranus 
reaches  200m/s  at  the  equator  and  spans  25°  degrees  in  latitude  in  each  hemisphere, 
and  the  southern  eastward  jet  peaks  at  60S  with  winds  of  200  m/5  (Smith  et  al.,  1986) 
as  well.  Because  of  Uranus’s  large  obliquity  and  length  of  year,  we  still  have  not  had 
a  chance  to  observe  its  northern  hemisphere  with  modern  technology.  Neptune  has  a 
stronger  and  wider  subrotating  jet  reaching  a  zonal  velocity  of  400  m/5  and  two  high 
latitude  jets  (250m/5  at  70°)(Conrath  et  al.,  1989).  The  significant  difference  in  the 
equatorial  jet  between  the  ice  giants  and  gas  giants  may  indicate  a  relation  between 
the  interior  structure  to  the  zonal  winds.  In  fact  in  some  ways  it  is  easier  to  see  how  a 
retrograde  jet  is  driven  rather  than  a  prograde  jet:  Hot  air  rising  initially  at  rest  from 
the  interior  has  less  angular  momentum  due  to  being  closer  to  the  rotation  axis  and 
therefore  will  tend  to  go  westward  at  the  surface.  Similarly  fast  rotating  equatorial 
air  at  the  equator  will  acquire  additional  eastward  momentum  as  it  moves  poleward. 
As  we  discuss  in  this  work,  a  mechanism  for  superrotation  is  more  complex. 

Vertical  wind  structure:  There  has  been  only  one  direct  measurement  of  the 
vertical  structure  of  any  of  the  planets.  The  Galileo  probe  descended  into  Jupiter’s 
atmosphere  and  returned  data  until  it  reached  a  depth  equivalent  of  24  bars.  The 
probe  entered  inside  the  equatorial  jet  at  latitude  7.4N  where  the  eastward  wind 
velocity  at  0.4  bars  was  90  m/5  (Atkinson  et  al.,  1997,  1998)  which  was  similar  to 
the  wind  velocities  previously  inferred  from  cloud  tracking  (Limaye,  1986).  The  wind 
increased  down  to  a  level  of  4  bars  reaching  180  m/5,  and  then  remained  constant  for 
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as  far  as  the  data  could  be  retrieved  at  the  24  bar  level.  This  result  is  often  used  as 
evidence  that  the  winds  are  deep,  though  one  should  remember  that  beyond  the  point 
that  this  is  just  a  single  measurement,  the  data  only  accounts  for  a  depth  of  150 /cm 
which  are  no  more  than  0.22%  of  the  radius  of  Jupiter.  In  addition  the  probe  entered 
in  a  “hot-spot”  (the  equatorial  zone  is  punctuated  with  10-13  such  5/[/m  spots  (Ortiz 
et  al.,  1998)),  which  may  have  anomalous  dynamics  because  of  non-zonal  motions 
that  have  been  associated  with  them  (Vasavada  et  al.,  1998). 

Other  than  this  measurement,  vertical  wind  structure  has  been  deduced  from  the 
horizontal  temperature  gradient  using  the  thermal  wind  relation.  This  technique  is 
very  limited  due  to  the  observations  being  only  of  the  higher  levels.  Based  on  thermal 
wind  observations  of  air  temperatures  from  less  than  0.1  bar  to  ~  Ibar  Pirraglia  et  al. 
(1981)  suggest  that  the  jets  decay  with  height  above  the  cloud  level  (Conrath  et  al., 
1981).  Gierasch  (1976)  suggests  that  thermal  contrasts  arising  from  latent  heat  release 
during  the  condensation  of  water  at  altitudes  of  5  — 10  bars  can  be  large  enough  so  that 
through  thermal  wind  balance  the  jets  would  not  extend  a  depth  of  10  bars  (Ingersoll 
and  Cuzzi,  1969).  Others  suggest  that  due  to  the  internal  heating  the  atmosphere 
below  that  cloud  level  is  close  to  an  isentropic  state  and  then  the  jets  extend  to  the 
depth  of  the  planet  (Busse,  1976).  We  discuss  these  two  approaches  in  greater  length 
in  the  next  section. 

Recently  two  strong  convective  outbursts  that  erupted  9  hours  apart  and  lasted 
two  months  were  identified  near  the  peak  of  the  23N  jet  (Sanchez-Lavega  et  al.,  2008). 
They  traveled  at  a  velocity  169  m/s  which  is  stronger  than  the  local  jet  velocity, 
causing  significant  mixing  in  their  wake.  The  jet  however  remained  robust  against 
the  turmoil  generated  by  the  disturbance  evolution.  This  may  suggest  that  the  jet 
extends  deeper  below  the  upper  clouds  where  the  motions  were  measured. 

Vortices:  Besides  the  zonal  jets  the  most  prominent  feature  on  Jupiter  is  the 
great  red  spot  (GRS).  The  GRS  is  an  anticyclone  extending  10.5  degrees  in  latitude 
(centered  at  23S)  with  an  oval  shape  and  a  longitudinal  extent  of  about  17000A:m 
(Simon-Miller  et  al.,  2002).  The  maximum  velocities  of  the  GRS  range  from  120  m/s 
(Dowling  and  Ingersoll  (1988),  based  on  Voyager  data)  to  150  m/s  (Simon-Miller 
et  al.  (2002),  based  on  Galileo  data).  The  maximum  relative  vorticity  is  6E  —  5s~^ 
which  is  roughly  one  third  of  the  planetary  vorticity  at  that  latitude.  The  center  of 
the  vortex  is  found  to  be  about  8K  cooler  than  the  surrounding  cloud  tops.  Thermal 
wind  balance  then  implies  that  the  wind  speed  should  decrease  with  depth  and  then 
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Figure  1.1:  The  mean  zonal  velocity  \m/s\  as  function  latitude  for  Jupiter  and  Saturn 
as  measured  by  Voyager.  Data  is  courtesy  of  A.  Sanchez-Lavega,  A.  Showman  and 
A.  Vasavada. 


the  GRS  would  be  only  200  km  thick.  Records  of  the  GRS  go  back  as  far  as  1665 
to  observations  made  by  Cassini  (Cassini,  1672),  indicating  this  anticyclonic  storm 
has  probably  existed  for  centuries.  During  the  period  1880-2002  the  GRS  has  moved 
westward  with  an  average  speed  of  3m/s  and  superimposed  on  this  it  oscillates  1°  in 
longitude  every  90  days  (Trigo- Rodriguez  et  al.,  2000).  There  are  many  records  (e.g. 
Sanchez-Lavega  et  al.,  1998)  of  interactions  of  the  GRS  with  other  vortices  absorbing 
part  of  them  and  expelling  other  parts. 

Although  the  GRS  is  the  largest  and  most  sustained  vortex  on  Jupiter,  there  are 
many  other  vortices  with  diameter  ranges  of  1000  —  5000  km  (Simon  et  al.,  1998). 
Typically  the  ones  at  high  latitudes  are  smaller  and  rounder  than  the  ones  at  low 
latitudes.  The  transition  from  round  to  oval  vortices  occurs  at  diameters  of  ~  2000  km 
indicating  that  this  scale  might  be  where  the  vortices  feel  the  effect  of  the  planetary 
vorticity  gradient  (Vasavada  and  Showman,  2005).  In  chapter  7  we  use  this  scale 
as  the  deformation  radius  in  the  two  layer  model.  Over  90%  of  the  vortices  on 
Jupiter  are  anticyclones.  There  is  a  broad  literature  on  this  subject  and  about  the 
possible  preference  for  anticyclones  (Flierl,  1987;  Marcus,  1988,  1990;  Dowling  and 
Spiegel,  1990;  Yano  and  Flierl,  1994;  Showman,  2004);  in  this  work  we  do  not  discuss 
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this  issue.  Interaction  of  vortices  is  often  observed  (Sanchez-Lavega  et  al.,  2001),  and 
quasigeostrophic  models  have  been  successful  in  describing  these  interactions  (Youssef 
and  Marcus,  2003). 

1.2.2  The  Thermal  Structure 

Temperature:  Thermal  infrared  radiation  measurements  for  all  four  giant  planets 
show  a  nearly  uniform  meridional  thermal  flux  profile.  On  Jupiter  there  are  mea¬ 
surements  where  the  poles  are  even  found  to  be  slightly  warmer  than  the  equator 
(Ingersoll,  1990),  and  Voyager  found  the  poles  of  Uranus  to  be  slightly  colder  than 
equator  although  the  poles  receive  more  sunlight  (Conrath  et  al.,  1989)  due  to  the 
extreme  obliquity.  Radiation  is  emitted  predominantly  from  the  0. 3-0.5  bar  pressure 
level  and  effective  temperatures  are  in  average  124K,  93K,  59K  and  59K  for  Jupiter, 
Saturn,  Uranus  and  Neptune  respectively  at  that  level.  Variations  from  these  mean 
emission  temperatures  are  mainly  associated  with  the  cloud  structure  and  not  with 
the  latitudinal  location,  although  solar  heating  is  latitudinally  distributed  based  on 
the  season  and  obliquity. 

.411  four  planets  have  a  clear  tropopause  at  140,  60,  100  and  50  mbar  respectively 
(beginning  with  Jupiter),  which  have  temperatures  of  IlOK,  80K,  49K  and  50K  re¬ 
spectively  (Bagenal  et  al.,  2004).  Below  the  tropopause  the  temperatures  increase 
generally  following  a  nearly  dry  adiabatic  lapse  rate  (Uindal  et  al.,  1981;  Seiff  et  al., 
1996).  The  stratospheric  temperature  in  Saturn’s  atmosphere  is  generally  lower  than 
in  Jupiter’s  stratosphere  as  can  be  expected  due  to  its  further  distance  from  the  sun; 
however,  on  Neptune  the  stratospheric  temperatures  are  hotter  than  on  Uranus.  Only 
Jupiter  has  good  exosphere  measurements  reaching  1350K,  800  km  above  the  1  mbar 
level  (Seiff  et  al.,  1997). 

Energy  balance;  Measurements  from  both  Galileo  and  Cassini  provide  estimates 
of  the  radiation  at  the  upper  atmospheres.  Infrared  radiation  can  not  penetrate  the 
clouds  and  therefore  the  measurements  reflect  the  temperature  of  the  upper  part  of 
the  atmosphere.  All  planets  (except  Uranus)  radiate  away  more  energy  than  they 
absorb,  implying  an  internal  heat  source.  The  radiation  is  also  distributed  more 
Tiniforrnly  than  the  absorbed  sun  light,  which  suggests  that  there  must  exists  some 
mechanism  for  meridional  heat  transport  (Ingersoll  and  Porco,  1978).  On  Jupiter 
the  emission  is  mostly  radiated  in  the  infrared  between  10  and  100  //m  and  has  been 
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estimated  quite  accurately-  The  observed  energy  is  calculated  by  the  incoming  energy 
from  the  sun  and  the  albedo.  This  allows  estimating  the  internal  flux  from  the  core 
(5.444±0.425W’m~^on  Jupiter)  (Hanel  et  al.,  1981)  and  calculating  the  energy  balance 
defined  as  the  ratio  of  emitted  thermal  to  absorbed  solar  energy.  On  Jupiter  this  is 
1.668  ±  0.085,  on  Saturn  1.78  (Hanel  et  al.,  1983)  and  on  Neptune  2.3  (Pearl  and 
Conrath,  1991).  The  exception  is  Uranus  where  the  internal  heat  flux  is  much  less 
than  the  solar  insulation  and  this  ratio  is  1.06  Pearl  et  al.  (1990). 

Thermal  Waves:  Several  wave  features  have  been  discovered  by  the  thermal 
measurements  on  the  giant  planets.  Flaser  and  Gierasch  (1986),  who  used  Voyager 
images  of  Jupiter,  discovered  waves  traveling  within  the  equatorial  superrotating  jet 
with  wavelengths  of  300  km.  They  suggested  that  these  waves  may  indicate  a  stably 
stratified  layer  beneath  the  clouds  supporting  the  propagation  of  gravity  waves.  This 
hypothesis  was  later  supported  by  the  Galileo  entry  probe  (Seiff  et  al.,  1997)  suggest¬ 
ing  there  is  a  stably  stratified  layer  between  5  and  16  bars.  Similar  waves  were  later 
also  seen  in  the  Galileo  data,  (Belton  et  al.,  1996),  and  Bosak  and  Ingersoll  (2002) 
suggested  that  these  waves  are  produced  by  Kelvin-Helmholtz  instabilities.  A  much 
clearer  observation  of  these  waves  was  recently  obtained  by  the  high  resolution  cam¬ 
eras  on  the  New  Horizons  spacecraft  (Reuter  et  al.,  2007).  They  find  the  waves  to 
persist  around  the  planet  and  occupy  a  latitudinal  region  of  10°  around  the  equator. 
These  waves  have  crests  which  extend  further  eastward  at  the  equator  than  in  higher 
latitudes  creating  crescent  shaped  waves  propagating  eastward  at  a  phase  speed  of 
roughly  double  the  local  mean  velocity.  The  phase  speed  for  these  waves  is  estimated 
between  204  and  276  m/s  (Reuter  et  al.,  2007)  while  the  local  mean  velocity  from 
cloud  tracking  both  from  New  Horizons  and  HST  measurements  is  100  m/s  . 

Larger,  planetary  scale  waves  have  also  been  identified  on  Jupiter.  Wavenumber 
10  waves  were  found  at  equatorial  latitudes  at  depths  between  270  mbar  and  1  bar  by 
several  authors  (Magalhaes  et  al.,  1989;  Orton  et  al.,  1994;  Harrington  et  al.,  1996; 
Deming  et  al.,  1997).  The  source  of  the  waves  is  unknown  and  hypothesis  range 
from  vertical  propagation  of  Rossby  waves  (Orton  et  al.,  1994)  and  mixed  Rossby- 
gravity  waves  (Deming  et  al.,  1997),  to  connection  with  the  plumes  in  the  equatorial 
“hot-spots”  (Ortiz  et  al.,  1998;  Showman  and  Dowling,  2000)  or  association  with 
deep  convective  cells  (Magalhaes  et  al.,  1989).  The  near  stationary  appearance  of 
these  waves  with  respect  to  system  III  implies  possibly  a  dynamical  link  between  the 
interior  bulk  rotation  of  the  planet  (Irwin,  2003).  Another  interesting  feature  which 
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was  observed  in  stratospheric  temperatures  on  Jupiter  was  a  periodic  4  year  variation 
in  zonal  mean  temperatures  at  20  mbar  (Orton  et  al.,  1991).  This  feature  which 
has  been  continuously  observed  since  1978  takes  the  form  of  periodic  warming  of  the 
equator  and  cooling  of  the  15°  —  30°  latitude  regions  in  both  hemispheres,  and  then 
cooling  of  the  equatorial  region  and  heating  of  the  higher  latitudes.  There  have  been 
attempts  to  link  this  oscillation  to  the  QBO  on  Earth  (Leovy  et  al.,  1991),  but  the 
precise  identification  of  this  oscillatory  behavior  remains  elusive. 

1.2.3  Clouds 

Jupiter’s  visual  appearance  is  dominated  by  dark  “belts”  and  brighter  “zones”  .  Al¬ 
though  the  general  belt/zone  structure  appears  to  be  very  stable,  the  brightness, 
latitudinal  extent  and  presence  of  discrete  features  has  varied  significantly  over  time 
(Vasavada  and  Showman,  2005).  The  belt/ zone  structure  is  partially  associated  with 
the  wind  structure,  where  the  peak  of  the  zonal  velocities  appears  to  happen  on  the 
boundaries  between  the  belts  and  zones.  The  zones  are  anticyclones,  thus  in  the 
northern  hemisphere  they  have  an  eastward  jet  on  its  poleward  side  and  a  westward 
jet  on  the  equatorward  side,  and  belts  are  cyclonic.  The  association  between  the 
belts/zones  and  wind  is  less  clear  at  high  latitudes.  The  zones  appear  more  uniform 
and  steadier  in  time  than  the  belts,  and  clouds  in  them  typically  extend  to  higher 
altitudes  (a  few  hundred  mbar)  than  in  the  belts  .  The  origin  of  the  colors  and  how 
they  respond  to  the  winds  is  uncertain. 

Chemical  structure  and  Clouds:  In  all  the  outer  planets  the  atmospheres  are 
composed  mostly  of  molecular  hydrogen  and  helium,  with  some  heavier  compounds 
which  vary  between  the  four  planets.  The  abundance  of  ’heavy’  elements  in  the  whole 
planet  is  estimated  to  be  3  times  the  solar  for  Jupiter,  5  times  the  solar  for  Saturn  and 
increasing  to  20—30  times  solar  for  Uranus  and  Neptune.  The  atmospheres  themselves 
contain  only  a  fraction  of  this,  and  the  most  abundant  elements  after  hydrogen  {H2) 
and  helium  {He)  are,  in  decreasing  order,  water  (//2O),  methane  (C//4),  ammonia 
(.V//3),  and  hydrogen  sulphide  {H2S)  (Irwin,  2003).  The  upper  atmospheres  are 
cold  enough  so  that  some  of  these  elements  condense  at  various  levels  forming  the 
observable  cloud  decks.  On  Jupiter  the  visible  clouds  are  usually  ammonia  colored 
by  sulfur,  phosphorus  and  carbon  compounds,  and  their  top  pressures  are  thought  to 
be  in  the  range  of  0.3  to  3  bars  while  their  base  at  5  to  15  bars. 
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1.3  Previous  Dynamical  Models 


Two  general  approaches  have  been  taken  to  explain  the  strong  zonal  jets  on  the 
Jovian  atmospheres.  The  two  emerged  almost  at  the  same  time  in  the  mid  1970’s 
after  the  first  detailed  observations  were  obtained  by  the  first  space  missions.  Busse 
(1976),  inspired  by  the  Taylor-Proudman  effect,  suggested  that  if  the  flow  is  deep  and 
extends  all  the  way  through  the  planet,  then  the  jets  may  be  the  surface  manifestation 
of  differentially  rotating  cylinders  concentric  with  the  planet’s  rotating  axis.  On 
the  other  hand,  geostrophic  turbulence  theory  (Rhines,  1975,  1979),  assuming  the 
dynamics  are  confined  to  an  outer  “weather  layer”,  suggests  that  the  zonal  jets  emerge 
from  decaying  or  stochastically  forced  turbulence  on  a  /S  plane.  These  two  approaches 
have  been  in  debate  ever  since. 

1.3.1  Shallow  Models 

The  first  to  apply  the  “shallow”  approach  to  Jupiter  was  Williams  (1978,  1979)  who 
used  both  barotropic  and  baroclinic  models  to  show  that  an  imposed  turbulent  eddy 
field  can  lead  to  an  inverse  energy  cascade  leading  to  jets  on  the  order  of  the  Rhines 
scale.  Other  authors  have  studied  zonal  jets  appearing  from  geostrophic  turbulence 
(Vallis  and  Maltrud,  1993;  Cho  and  Polvani,  1996;  Huang  and  Robinson,  1998;  Man- 
ifori  and  Young,  1999;  Huang  et  al.,  2001;  Smith,  2003;  Lee,  2004).  Panetta  (1993) 
showed  that  jets  can  emerge  from  baroclinic  instability  in  a  two  layer  model  which  has 
an  imposed  thermal  gradient.  This  model  allows  transfer  of  energy  from  the  upper  to 
the  lower  layer  and  results  in  an  equivalent  barotropic  jet.  These  jets  seem  persistent 
and  stable,  however  they  appear  primarily  when  averaged,  while  the  instantaneous 
fields  are  dominated  by  the  eddies.  Williams  (2003)  has  produced  jets  in  a  baroclinic 
primitive  equation  system  on  a  sphere  and  shows  that,  depending  on  details  of  the 
stratification  and  shear,  the  jets  can  migrate  equatorward.  Cho  and  Polvani  (1996) 
impose  an  eddy  field  in  a  shallow  water  layer  on  a  sphere  and  show  that  the  eddy  field 
evolves  to  a  set  of  zonal  jets  at  the  lower  latitudes,  with  an  equatorial  westward  jet. 
Using  a  barotropic  vorticity  model  with  small  scale  random  forcing  and  large  scale 
friction  Huang  et  al.  (2001)  and  Galperin  et  al.  (2001)  suggest  a  scaling  law  to  the 
energy  spectra  of  the  jets  and  show  (Galperin  et  al.,  2001,  2006)  that  it  matches  the 
spectrum  of  the  observed  jets  on  Jupiter.  Smith  (2003)  shows  multiple  jets  emerging 
from  stochastically  forced  QG  turbulence  in  an  equivalent  barotropic  system.  Show- 
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man  (2007)  show  that  shallow  water  simulations  forced  by  mass  pulses  representing 
episodic  thunderstorms  in  the  Jovian  atmosphere  (Ingersoll  and  Cuong,  1981)  can 
form  equatorial  jets  (subrotating)  and  anticyclonic  vortices  at  higher  latitudes. 

As  applied  to  a  gas  giant’s  atmosphere,  these  shallow  water  or  quasi-geostrophic 
models  have  several  flaws  exemplified  by  comparison  to  Jupiter:  first,  the  observed 
winds  violate  the  barotropic  stability  condition  (Ingersoll  and  Cuong,  1981),  thus 
0  —  Uyy  <  0  at  some  latitudes,  although  the  zonal  winds  appear  to  be  very  stable. 
In  contrast,  all  of  the  models  produce  curvatures  Uyy  which  are  smaller  than  0^  so 
that  the  predicted  jets  are  weaker  or  wider  than  the  Jovian  ones.  Second,  none 
of  these  models  can  reproduce  a  superrotating  jet  at  the  equator.  Some  shallow 
water  models  (Cho  and  Polvani,  1996;  Cho  and  Polvani,  1996;  lacono  et  ah,  1999a, b) 
produce  a  westward  retrograde  jet,  and  typically  the  jets  that  are  produced  are  not 
much  stronger  than  the  eddy  field.  Third,  these  shallow  models  assume  a  boundary 
at  a  depth  of  about  one  scale  height,  with  the  fluid  below  being  motionless.  But 
the  thermal  wind  shear  observed  on  Jupiter  (Conrath  et  ah,  1981;  Gierasch  et  ah, 
1986)  suggests  that  the  flows  will  extend  deeper  and  may  increase,  rather  than  die  out, 
with  depth.  The  Galileo  probe  showed  this  kind  of  velocity  structure  (Atkinson  et  ah, 
1996),  implying  two  separate  regimes;  an  upper  radiative  regime  (above  4  bars)  and 
an  inner  deep  adiabatic  regime  below.  Fourth,  these  models  either  require  random 
forcing  or  deal  with  decay  of  strong  initial  perturbations,  leaving  it  unclear  how  such 
a  state  can  be  maintained.  The  exceptions,  Panetta’s  (1993)  and  Williams’  (2003) 
baroclinic  instability  models,  require  large-scale  baroclinicity  strong  enough  to  satisfy 
the  Charney-Stern  theorem,  so  that  turbulence  can  be  generated  and  maintained  by 
feeding  on  the  available  potential  energy.  But  the  observed  global  scale  temperature 
differences  (Ingersoll,  1976;  Hanel  et  ah,  1981,  1983)  seem  to  be  much  smaller.  Finally, 
for  Jupiter,  Saturn  and  Neptune  the  internal  heat  flux  is  estimated  to  be  as  strong 
as  the  absorbed  heat  flux  from  the  sun  (Hanel  et  ah,  1981,  1983;  Pearl  and  Conrath, 
1991);  the  shallow  models  do  not  attempt  to  account  for  the  heat  balance. 

In  Kaspi  and  Flierl  (2007)  (also  chapter  7  of  this  thesis)  we  show  that  baroclinic 
instability  in  a  two  layer  quasigeostrophic  model  with  the  bottom  layer  having  a 
different  planetary  vorticity  gradient  representing  the  deep  convective  columns  (see 
next  section),  can  form  multiple  zonal  jets  that  appear  in  the  instantaneous  fields 
(thus  stronger  than  the  eddies),  and  violate  the  barotropic  stability  condition  but  still 
are  stable  and  consistent  in  time.  Unlike  the  previous  baroclinic  models  (Panetta, 
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1993;  Williams,  2003)  due  to  the  different  geometry  this  model  does  not  require  a 
high  level  of  baroclinicity,  to  generate  turbulence  which  then  cascades  to  zonal  jets. 

Another  approach  using  a  shallow  model  was  to  try  and  deduce  the  deep  circula¬ 
tion  by  observing  the  potential  vorticity  in  the  overlying  flow.  Dowling  and  Ingersoll 
(1988,  1989)  have  derived  a  family  of  possible  equivalent  height  fields  by  assuming 
conservation  of  potential  vorticity  in  a  barotropic  shallow  layer.  This  allows  deducing 
the  deep  flow  from  the  data  (up  to  a  parameter),  without  making  apriori  assumptions 
about  the  deep  layer.  One  problem  with  this  approach  is  that  the  only  place  where 
there  is  enough  variation  in  vorticity  is  near  big  vortices  such  as  around  the  giant  red 
spot  and  white  oval.  Dowling  (1993)  shows  that  this  family  of  equivalent  height  fields, 
corresponds  to  a  case  where  the  deformation  radius  is  on  the  order  of  the  Rhines  scale, 
and  then  the  flow  is  stable.  Further,  by  later  observations  from  the  impact  of  comet 
Shoemaker-Levy  on  Jupiter  (Hammel  et  al.,  1995),  a  specific  member  of  this  family 
can  be  singled  out  (Dowling,  1995),  and  a  prediction  can  be  made  about  the  strength 
of  the  deep  flow  which  is  comparable  to  the  value  obtained  from  the  Galileo  entry 
probe  (Atkinson  et  al.,  1996). 

loannou  and  Lindzen  (1993a,b,  1994)  put  forw'ard  a  totally  different  approach 
to  explain  the  zonal  jets  (Lindzen,  1991).  They  suggest  that  if  the  interior  is  even 
marginally  statically  stable,  then  tides  from  a  dominant  moon  may  provide  the  mo¬ 
mentum  source  maintaining  the  jets.  They  show  that  the  response  to  the  tides  results 
in  high  order  Hough  modes,  which  have  meridional  alternations  resembling  the  alter¬ 
nations  in  the  jets. 

For  Earth’s  atmosphere  shallow  water  and  quasi  geostrophic  models  have  had 
tremendous  success  in  describing  some  of  the  fundamental  dynamics.  Due  to  the 
differences  in  the  Jovian  atmosphere  pointed  above  it  is  not  clear  if  this  would  be 
the  case  for  the  giant  planets.  Yet,  the  striking  similarity  of  some  of  the  phenomena 
observed  on  the  Jovian  atmosphere  to  the  terrestrial  atmosphere,  and  to  features 
obtained  in  these  models  would  lead  to  think  that  at  least  part  of  the  dynamical 
understanding  is  captured  by  the  shallow  models.  Showman  et  al.  (2006)  point  out 
that  the  source  of  the  forcing  (whether  deep  or  shallow)  may  be  decoupled  from 
whether  the  zonal  winds  are  deep  or  shallow.  Therefore  even  if  the  winds  are  deep 
they  might  have  shallow  sources  and  visa  versa.  Next  we  turn  to  discus  the  second 
approach  -  the  deep  models. 
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1.3.2  Deep  Models 


The  “deep”  approach  assumes  that  the  jet’s  generation  comes  from  within  the  interior 
of  the  planet.  The  assumption  is  based  on  the  fact  that  since  the  planet  is  heated  from 
within,  convection  drives  it  close  to  an  adiabatic  state,  with  nearly  zero  stratification, 
leading  to  Taylor  columns  that  penetrate  throughout  the  planet,  and  therefore  there 
is  no  confinement  to  a  thin  spherical  shell.  Inspired  by  laboratory  experiments  (Busse, 
1970),  where  a  homogeneous  rapidly  rotating  sphere  was  heated  from  the  inside  and 
such  a  multi-column  structure  was  formed,  Busse  (1976,  1994)  suggested  that  the 
interior  of  a  planet  may  be  occupied  by  Taylor  columns  that  surround  a  hot  core. 
He  suggested  that  the  multi-layered  structure  of  convection  rolls  might  produce  the 
zonal  Jets  through  nonlinear  interactions  among  the  columns. 

The  problem  of  onset  of  convection  in  a  rotating  sphere  was  first  studied  in  terms 
of  axisymmetric  solutions  (e.g.  Chandrasekhar,  1952),  but  as  noted  first  by  Veronis 
(1959)  convection  tends  to  form  non-axisymmetric  cells.  Chandrasekhar  (1961)  set 
the  standard  formulation  for  the  rotation  dominated  problem  which  was  adopted  in 
following  work  discussed  here.  Roberts  (1968)  showed  that  for  large  enough  Taylor 
numbers  (rapid  rotation)  the  asymmetric  modes  will  be  the  fastest  growing  unsta¬ 
ble  modes.  These  modes  also  appeared  in  laboratory  experiments  (Busse,  1970)  and 
were  the  basis  for  Busse’s  model  for  Taylor  columns  in  the  interior  of  the  giant  plan¬ 
ets  (Busse,  1976).  In  both  cases  the  asymmetric  modes  where  confined  to  a  thin 
chain  of  convection  columns  at  a  distance  of  about  half  the  radius  from  the  axis  of 
rotation.  Later  studies  (Zhang  and  Busse,  1987)  showed  that  the  radial  structures 
of  these  modes  are  sensitive  to  the  Prandtl  number  with  a  sharp  transition  between 
two  distinct  modes.  In  the  first  mode,  where  Prandtl  numbers  are  higher,  convection 
columns  are  at  about  half  the  distance  to  the  axis  of  rotation  as  suggested  by  the 
asymptotic  theory  (Roberts,  1968).  However,  as  the  Prandtl  number  is  decreased,  the 
columns  begin  to  stretch  and  develop  a  spiraling  shape  (Zhang,  1992).  Decreasing 
the  Prandtl  number  beyond  a  critical  point  leads  to  a  new  state  with  circular  modes 
attached  to  the  outer  wall.  Zhang  (1994)  showed  that  these  modes  can  be  under¬ 
stood  as  inertial  oscillations  which  are  slightly  modified  by  the  effects  of  viscosity 
and  buoyancy.  These  calculations  matched  asymptotic  theories  discussing  the  radial 
dependence  of  the  unstable  modes  for  the  linear  problem  of  the  onset  of  convection, 
and  was  studied  both  in  equivalent  cylindrical  systems  (Yano,  1992)  and  for  a  full 
sphere  (Jones  et  al.,  2000). 
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Ingersoll  and  Pollard  (1982)  noted  that  a  columnar  structure  as  described  by 
Busse  in  a  sphere  is  analogous  to  0  plane  dynamics  only  with  a  different  definition 
of  Consequently  arguments  from  Rhines  (1975)  may  still  apply  and  deep  two- 
dimensional  turbulence  may  create  jets.  An  advantage  of  this  theory  is  that  the 
Ingersoll  and  Pollard  (1982)  equivalent  barotropic  stability  criterion,  which  has  an 
effective  /3  which  is  negative  and  three  times  the  value  from  the  standard  planetary 
/?,  is  more  consistent  with  the  Jupiter  data.  On  Jupiter  the  observed  winds  are  close 
to  marginal  stability  according  to  this  criterion.  Yano  and  Flierl  (1994)  have  used  this 
idea  of  a  negative  bottom  layer  /?  to  demonstrate  its  effect  on  an  isolated  vortex  like 
Jupiter’s  giant  red  spot  in  a  zonal  jet.  We  use  this  parametrization  for  the  bottom 
layer  in  the  two  layer  model  in  chapter  7. 

The  spiraling  modes  obtained  by  Zhang  (1992)  have  a  structure  that  adjacent 
convection  cells  have  opposite  circulations.  This  character  for  weak  linear  convection 
appears  in  other  studies  as  well  (e.g.  Zhang  and  Schubert,  1997;  Christensen,  2002). 
Following  the  negative  P  plane  idea  of  Ingersoll  and  Pollard  (1982),  such  a  structure 
when  perturbed,  develops  local  relative  vorticity  based  on  the  interaction  of  the  col¬ 
umn  with  an  exterior  boundary,  as  the  columns  conserve  their  total  circulation  when 
stretched  or  squeezed  (Busse,  1994).  Such  an  interaction  can  cause  propagation  of  the 
vortices  similar  to  a  propagation  of  a  Rossby  wave  (Busse,  1986).  Busse  and  Hood 
(1982)  showed  that  linear  modes  will  tend  to  tilt  based  on  the  direction  of  the  outer 
boundary  slope,  and  eastward  or  westward  shear  will  form.  This  shear  however  was 
no  stronger  than  the  perturbation  itself.  The  spiraling  alternating  linear  modes  ob¬ 
tained  by  Zhang  (1992)  have  positive  Reynolds  stresses  which  can  create  a  mean  flow. 
Zhang  and  Schubert  (1996,  1997)  have  showed  that  even  for  a  thermally  driven  con¬ 
vective  interior  bounded  by  a  corotating  convectively  stable  stratified  layer,  the  fluid 
motions  resulting  from  the  instability  develop  similar  linear  modes  that  concentrate 
primarily  in  the  outer  stable  region. 

All  the  models  discussed  above  were  limited  to  either  linear  or  weakly  nonlin¬ 
ear  regimes.  It  is  not  obvious  that  any  of  these  modes,  and  therefore  the  resulting 
mechanisms  can  be  maintained  in  the  nonlinear  regime.  Glatzmaicr  and  Olson  (1993) 
showed  numerically  Taylor  columns  can  still  be  maintained  when  the  Rayleigh  num¬ 
ber  is  50  times  critical  but  their  experiment  was  limited  to  a  slowly  rotating  regime. 
A  second  shortcoming  of  the  models  discussed  above,  is  that  they  were  all  limited 
to  the  Boussinesq  approximation.  The  only  compressible  attempt  to  model  such 
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flows  (Gilman  and  Glatzmaier,  1981)  was  in  the  solar  context  (slow  rotation)  using 
the  anelastic  approximation  for  an  ideal  gas  (Ogura  and  Phillips,  1962),  where  they 
showed  that  non-axisymmetric  convection  modes  still  exist  in  the  compressible  fluid 
for  the  parameter  region  of  their  examination. 

With  the  advance  of  computational  abilities  numerical  3D  models  (Sun  et  al.,  1993; 
Aurnou  and  Olson,  2001;  Christensen,  2002)  solving  the  full  Navier-Stokes  equations 
subject  to  the  Boussinesq  approximation  have  demonstrated  that  in  a  rapidly  rotating 
system  a  broad  eastward  flow  can  develop  at  the  equator.  This  flow  has  been  referred 
to  result  from  the  so-called  Busse  columns,  though  none  of  these  studies  actually 
demonstrated  such  columns  explicitly.  Christensen  (2002)  shows  formation  of  spiral¬ 
ing  convection  cells  in  a  3D  numerical  model  for  case  of  quasi-stationary  convection 
and  shows  that  for  higher  Rayleigh  numbers  the  convection  becomes  chaotic  with  a 
superrotating  equatorial  flow  and  higher  latitude  subrotating  flow.  The  subrotating 
flow  had  near  equal  velocity  along  the  direction  of  the  axis  of  rotation.  A  major 
difference  between  these  flows  and  the  one  suggested  by  Busse  (1976)  is  that  they 
did  not  develop  multiple  nested  cylinders  that  would  interact  and  produce  multiple 
zonal  jets.  Multiple  band  structures  which  result  from  columnar  convection  have 
been  shown  in  laboratory  experiments  by  Manneville  and  Olson  (1996)  though  these 
bands  occupy  region  only  within  45'^  from  the  equator.  Heimpel  et  al.  (2005)  using 
a  Boussinesq  model  covering  one  tenth  the  depth  of  the  planet  and  a  longitudinal 
section  of  45®,  have  produced  high  latitude  jets  driven  by  internal  convection  which 
appear  when  time  averaged.  These  jets  though  seem  to  depend  on  the  bottom  flux 
fed  by  the  Rayleigh-Benard  type  convection,  and  the  width  of  the  equatorial  flow 
depends  on  the  location  of  the  bottom  boundary. 

The  biggest  objection  to  the  deep  theories  is  that  we  do  not  observe  any  definite 
columnar  features  at  the  top  levels  and  the  similarity  between  north  and  south  hemi¬ 
sphere,  although  partially  apparent,  is  not  exact.  This  though  can  be  resolved  by  the 
fact  that  at  the  cloud  levels  other  processes  including  2D  turbulence  can  play  a  role 
breaking  the  symmetry  at  that  level.  Another  criticism  of  the  deep  models  is  that 
they  do  not  take  into  account  the  existence  of  a  magnetic  field  (Kirk  and  Steven¬ 
son,  1987).  This  is  based  on  the  notion  that  the  transition  between  molecular  and 
metallic  hydrogen  acts  as  an  interface  and  inhibits  the  convection  from  acting  across 
that  interface  (Stevenson  and  Salpeter,  1976).  The  depth  of  that  transition  remains 
poorly  known  but  probably  lies  between  0.7  —  0.9  Jupiter  radii  and  at  pressures  of 
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1  —  3  Mbar  (Guillot  et  al.,  2004).  Lorentz  forces  in  the  metallic  region  can  act  to 
break  the  zonal  flows  there.  Recently,  Liu  (2006)  suggested  that  if  the  zonal  flows 
were  completely  barotropic  and  magnetic  fleld  in  the  interior  can  be  inferred  from 
their  exterior  values,  then  ohmic  dissipation  will  cause  breakdown  of  the  deep  zonal 
flow  even  above  the  level  of  the  phase  transition.  Laboratory  work  indicates  that 
the  transition  from  molecular  to  metallic  hydrogen  may  not  be  sharp  in  density  and 
conductivity  (Weir  et  al.,  1996). 

The  two  major  drawbacks  of  these  models  are  the  use  of  the  Boussinesq  approxi¬ 
mation  and  having  the  physical  understanding  of  the  dynamics  limited  to  the  linear 
models.  In  this  work  we  attempt  to  address  these  two  issues. 

1.3.3  Discussion:  Shallow  vs.  Deep  Approaches 

Both  approaches  have  compelling  arguments  to  why  they  are  important  to  the  dy¬ 
namics.  On  one  hand  due  to  the  strong  convection  it  is  hard  to  escape  having  a 
nearly  barotropic  interior  and  then  the  Taylor-Proudman  theorem  will  hold  in  the 
interior.  On  the  other  hand  the  resemblance  to  terrestrial  weather  and  the  fact  that 
infrared  observations  show  that  the  atmosphere  is  not  barotropic  near  the  cloud  level, 
supports  the  approach  that  there  is  a  stability  stratified  baroclinic  level  beneath  the 
clouds  and  the  dynamics  may  be  governed  by  shallow  processes  only.  Bridging  the 
two  approaches,  a  scenario  that  the  atmosphere  is  indeed  barotropic  beyond  some 
level  but  the  velocities  have  become  weak  by  that  depth  would  be  therefore  be  a 
plausible  case.  However,  the  Galileo  probe  which  showed  that  indeed  the  atmosphere 
is  baroclinic  but  in  the  “wrong”  way;  therefore  increasing  velocities  down  to  a  certain 
depth  where  they  become  constant  would  seem  to  lead  back  to  the  importance  of 
deep  processes. 

An  important  diflference  worth  noting  between  the  shallow  and  deep  approaches, 
is  that  the  shallow  models  assume  that  only  full  2D  turbulence  can  explain  the  jets, 
while  deep  models  suggest  that  stepping  up  from  linear  to  weakly  nonlinear  theory 
leads  to  closer  understanding  of  reality.  Obviously  linear  dynamics  could  not  describe 
the  mechanisms  leading  to  formation  of  jets  in  2D  turbulence;  however  as  we  show  in 
chapter  7  weakly  nonlinear  baroclinic  instability  can  give  insight  to  the  formation  of 
quasigeostrophic  jets.  On  the  other  end  we  show  the  transition  from  weakly  nonlinear 
to  fully  turbulent  dynamics  in  our  deep  model. 
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An  appealing  possibility  is  that  the  actual  jet  structure  lies  somewhere  between 
the  two,  shallow  verses  deep,  scenarios.  Ingersoll  and  Cuong  (1981)  argue  that  the 
zonal  flow  is  deep  rooted  while  the  coherent  vortices  like  the  GRS  are  confined  to 
the  shallow  part  of  the  atmosphere.  However,  Yano  and  Flierl  (1994)  point  out  that 
a  baroclinic  GRS  produces  a  barotropic  radiating  field  and  thus  the  GRS  could  not 
be  sustained.  Vasavada  and  Showman  (2005)  point  out  that  such  a  deep  rooted 
superrotation  underlying  a  shallow  atmosphere  can  explain  the  near,  but  imperfect, 
symmetry  between  northern  and  southern  hemispheres.  In  this  respect  as  pointed  by 
Yano  (1994)  the  coupling  of  deep  thermal  convection  with  the  atmospheric  circulation 
is  the  next  step  for  modeling. 


1.4  Fundamental  Questions 

The  previous  two  sections  have  pointed  to  the  key  observational  data  and  modeling 
approaches  in  our  attempt  to  understand  the  dynamics  on  the  giant  planets.  Above 
all  they  indicate  the  discrepancy  between  the  amount  of  data  that  we  know  and 
the  level  of  understanding  we  have  about  the  dynamics.  Questions  such  as,  what 
drives  the  zonal  jets?  what  controls  the  speed  and  width  of  the  zonal  jets?  Why 
are  the  equatorial  jets  on  the  gas  giant  superrotating?  Why  is  there  an  opposite 
equatorial  rotation  on  the  ice  giants?  How  deep  are  the  zonal  jets?  What  controls 
the  jets  stability?  What  drives  the  wave  features  observed  within  the  equatorial 
superrotation?  and  what  causes  the  uniform  emitted  thermal  flux,  are  all  first  order 
questions  that  must  be  answered  to  understand  these  dynamics.  Our  goal  is  to  try 
and  address  all  these  questions,  and  we  come  back  to  discuss  them  in  chapter  8. 

1.5  Methodology 

The  previous  sections  highlighted  the  need  for  a  model  which  is  both  non-Boussinesq 
and  capable  of  studying  convective  turbulence  in  the  full  3D  system.  Our  main  tool  in 
this  thesis  is  such  a  model  that  we  built  based  on  the  non-hydrostatic  dynamical  core 
of  the  MITgcm.  VVe  focus  on  the  understanding  of  specific  physical  processes  using 
simplified  configurations  of  this  model,  a  variety  of  other  simpler  numerical  models 
and  analytic  models.  Our  new  general  circulation  model  is  an  improvement  over 
previous  models  in  several  aspects:  It  is  both  non-hydrostatic  and  non-Boussinesq 
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and  thus  can  address  convection  in  a  compressible  system  (anelastic).  The  model  is 
deep,  and  therefore  can  address  a  full  sphere  of  gas  (beside  a  small  interior  core),  with 
a  constant  number  of  vertical  levels  per  scale  height,  thus  keeping  a  high  resolution  in 
the  atmosphere.  It  uses  an  equation  of  state  suited  for  hydrogen-helium  mixtures  and 
therefore  beyond  accounting  for  the  compressibility  it  has  the  capability  of  including 
the  complex  thermodynamics  in  the  deep  interior  of  the  planet.  Finally,  it  uses  a 
forcing  scheme  that  represents  the  cooling  of  the  whole  vertical  structure,  different 
from  Rayleigh-Benard  type  convection  set  by  the  boundaries,  and  has  a  radially 
dependent  gravity  field  and  thermodynamic  variables. 

We  progressively  build  a  physical  understanding  of  the  dynamics  beginning  from 
the  simpler  2D  slowly  rotating  and  Boussinesq  cases  and  move  to  the  3D  rapidly 
rotating  and  anelastic  cases.  We  perform  studies  for  understanding  the  roles  of  pro¬ 
cesses  such  as  rotation  and  stratification.  For  the  full  3D  anelastic  model  we  extend 
these  process  studies  to  explore  the  parameter  space  of  Rayleigh,  Ekman  and  Prantdl 
numbers  and  other  model  settings  such  as  the  total  aspect  ratio  and  forcing.  We  then 
focus  on  the  mechanisms  driving  the  cyclonic  convection  columns,  baroclinic  shear 
and  equatorial  superrotation.  We  show  that  the  mechanisms  suggested  in  previous 
work  of  deep  convection  models  mostly  in  the  linear  and  weakly  nonlinear  regimes 
can  be  identified  in  the  GCM  for  the  weakly  turbulent  cases.  The  transition  to 
stronger  turbulent  regimes  possesses  some  of  the  same  mechanisms  but  also  has  some 
differences. 

Since  Jupiter  is  the  giant  planet  that  we  have  the  most  data  about  both  in  terms 
of  meteorology  and  internal  thermodynamics,  we  set  our  model  parameters  to  the 
Jupiter  regime.  Many  of  the  physical  processes  that  we  find  however  would  be  appli¬ 
cable  to  Saturn  as  well.  There  is  a  high  level  of  uncertainty  regarding  dynamics  in 
the  plasma  interior  of  the  planet.  Most  previous  models  set  the  bottom  limit  above 
or  at  the  level  of  the  molecular-metallic  boundary.  Although  this  might  not  be  the 
best  representation  of  Jupiter  itself,  we  deliberately  push  the  bottom  limit  well  below 
this  level  in  effort  to  study  the  dynamics  when  the  vertical  and  horizontal  scales  are 
comparable.  In  fact,  as  we  show,  when  using  a  thinner  (and  maybe  more  realistic) 
spherical  shell  some  of  the  dynamical  features,  such  as  the  width  of  the  superrotating 
jet,  resemble  more  the  observations  of  Jupiter.  In  order  however  not  to  be  biased  by 
this,  and  for  the  generality  of  the  study  most  of  the  analysis  is  done  with  an  aspect 
ratio  factor  of  two  between  outer  and  inner  shell  boundary.  We  do  however  show  the 
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whole  range  from  a  thin  spherical  shell  to  a  full  sphere. 

A  completely  different  model  is  used  in  chapter  7  to  study  the  formation  of  multi¬ 
ple  zonal  jets.  This  is  a  quasigeostrophic  two  layer  model,  which  has  a  representation 
of  the  deep  dynamics  which  are  demonstrated  by  the  full  GCM  (although  this  study 
proceeded  the  development  of  the  GCM).  Here  again  we  use  a  hierarchy  of  models 
ranging  from  linear  stability  analysis,  through  a  weakly  nonlinear  theory  and  a  non¬ 
linear  model  truncated  to  one  growing  mode,  to  a  fully  nonlinear  model.  We  show 
that  multiple  zonal  jets  can  form  from  baroclinic  instability  and  an  inverse  energy 
cascade  in  geostrophic  turbulence. 

1.6  Thesis  Overview 

We  begin  in  chapter  2  by  a  description  of  the  new  general  circulation  model.  Be¬ 
yond  the  issues  of  adapting  the  MITgcm  dynamical  core  to  the  deep  anelastic  system, 
in  this  chapter  we  discuss  in  detail  the  anelastic  approximation  itself  and  present 
a  generalization  to  previous  work  showing  that  the  anelastic  approximation  can  be 
applied,  and  is  energetically  consistent,  with  a  general  equation  of  state.  Chapter  3 
discusses  results  from  the  numerical  model,  beginning  from  results  from  2D  axisym- 
nietric  calculations  through  results  from  the  3D  anelastic  calculations.  Within  the  2D 
framework  we  present  only  results  that  are  robust  and  hold  for  the  3D  case  (such  as 
the  effect  of  rotation),  or  results  which  are  different  (such  as  equatorial  zonal  flows) 
but  highlight  the  role  of  the  asymmetries  in  driving  the  3D  dynamics.  Another  re¬ 
sult  obtained  from  the  axisymmetric  model  is  the  dependence  of  the  critical  Rayleigh 
number  on  latitude.  We  solve  for  the  2D  Boussinesq  case  using  a  local  approximation 
analytically,  and  then  demonstrate  numerically.  The  latter  part  of  this  chapter  is 
devoted  to  presenting  results  from  the  3D  anelastic  model  which  will  be  a  framework 
for  future  discussion  and  interpretation. 

In  chapter  4  we  discuss  the  baroclinic  structure  of  the  zonal  velocity.  The  main 
paradigm  here  is  that  the  Taylor  Proudman  theorem  should  apply  for  the  zonal  veloc¬ 
ity  whether  the  fluid  is  anelastic  or  Boussinesq  as  long  as  the  fluid  is  in  a  barotropic 
state.  We  show  that  baroclinic  contributions  due  to  convection  are  in  fact  important 
in  driving  the  velocity  away  from  the  Taylor-Proudman  regime,  and  the  baroclinic 
contributions  due  to  compressibility  create  a  shear  in  the  zonal  velocity  while  keeping 
the  alignment  with  the  axis  of  rotation.  We  show  that  although  the  absolute  value 
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of  the  velocities  depends  on  the  model  parameters  the  vertical  structure  of  the  zonal 
flow  does  not.  VVe  look  at  the  zonally  averaged  momentum  budget,  and  show  that 
eddy  momentum  fluxes  acting  away  from  the  axis  of  rotation  drive  momentum  to 
the  exterior  to  generate  the  superrotating  equatorial  winds.  These  eddy  momentum 
fluxes  are  strongest  along  a  cylindrical  surface  within  the  sphere.  We  show  that  this 
cylindrical  surface  is  caused  by  smaller  scale  convection  cells,  parallel  to  the  axis 
of  rotation,  which  surround  the  interior  core  and  penetrate  throughout  the  planet. 
Different  from  the  convection  columns  suggested  by  Busse  (1976),  these  cells  are  all 
cyclonic. 

In  chapter  5  we  use  three  different  models  to  focus  on  the  mechanisms  driving 
the  cyclonic  columns  and  equatorial  superrotation.  We  look  at  the  GCM  in  a  regime 
of  weak  convection  where  we  can  better  identify  the  physics  driving  the  circulation 
we  see  in  the  more  turbulent  cases.  This  parameter  regime  of  the  GCM  allows  us 
to  clearly  identify  the  positive  (eastward)  phase  speed  of  the  convection  columns.  It 
shows  the  transition  from  an  initial  w’eak-velocity  state  with  alternating  cyclonic  and 
anticyclonic  modes,  which  are  similar  to  modes  seen  in  linear  and  weakly  nonlinear 
studies  such  as  Zhang  (1992);  Zhang  and  Schubert  (1997),  to  a  state  with  only  cy- 
clonically  rotating  columns.  The  correlation  within  the  columns  between  the  zonal 
and  vertical  velocity  anomalies  drives  the  upgradient  angular  momentum  fluxes.  This 
weakly  nonlinear  mode  of  the  model  also  allows  us  to  follow  in  a  more  precise  way  (due 
to  the  less  noisy  solution)  the  momentum  budget.  We  follow  Ingersoll  and  Pollard 
(1982)  and  show  that  their  barotropic  cylindrical  model  represents  well  some  aspects 
of  the  turbulent  interior  and  can  explain  the  direction  of  propagation  (through  an 
equivalent  Rossby  wave  mechanism)  and  roughly  account  for  the  number  of  convec¬ 
tion  columns.  Finally,  we  focus  on  the  mechanism  for  the  angular  momentum  flux  by 
using  a  simplified  barotropic  annulus  model  which  allows  studying  the  zonal  tilt  in  the 
eigenmodes,  which  are  analogous  to  a  slice  through  the  spiraling  convection  columns 
seen  in  the  full  GCM,  and  point  to  the  role  of  the  planetary  vorticity  gradient  and 
viscosity  in  creating  these  modes. 

In  chapter  6  we  explore  the  parameter  space  of  the  model.  Due  to  the  relative 
simplicity  of  the  model  the  parameter  space  is  rather  limited  and  allows  doing  a 
sensitivity  analysis  to  most  parameters.  We  divide  the  parameters  into  two  groups: 
one  of  parameters  which  are  associated  with  the  specific  configuration  of  the  model 
such  as  the  location  of  the  boundaries  and  model  resolution;  and  the  second  are 
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parameters  controlling  the  coupled  six  equations  we  solve  which  are  the  Rayleigh, 
Ekman,  Prandtl  numbers,  the  choice  of  the  forcing  profile  and  the  details  of  the 
equation  of  state.  We  begin  by  varying  the  depth  of  the  domain  from  a  thin  shell 
(10%  of  the  planet’s  radius)  to  almost  a  full  sphere  (93%  of  the  radius)  and  look 
at  the  implications  in  terms  of  the  location  of  the  columns  and  details  of  the  zonal 
flow.  Then  we  do  a  systematic  study  varying  the  nondimensional  numbers  controlling 
the  simulations,  look  at  specific  solutions  which  appear  during  spin-up  and  study  the 
dependence  on  different  forcing  profiles.  Since  this  is  a  new  model  this  study  is 
essential  for  any  interpretation  of  our  results. 

Chapter  7  stands  on  its  own  as  an  independent  study,  but  uses  some  of  the  con¬ 
cepts  developed  in  the  previous  chapters  as  motivation  for  the  model  setup.  The  main 
concept  we  take  from  the  deep  model  (and  was  suggested  originally  by  Ingersoll  and 
Pollard,  1982)  is  a  negative  (3  plane  which  comes  from  the  opposite  direction  of  the 
background  planetary  vorticity  gradient  in  the  interior  of  a  fluid  sphere  demonstrated 
in  chapter  5.  We  propose  that  baroclinic  instability  of  a  weak  shear  may  play  an  im¬ 
portant  role  in  the  generation  and  stability  of  the  strong  multiple  zonal  jets  observed 
in  the  atmospheres  of  the  giant  planets.  We  use  a  two-layer  quasigeostrophic  model 
on  a  d  plane  where  the  bottom  layer  has  a  negative  /?.  Linear  stability  theory  predicts 
that  the  high  wave  number  perturbations  will  be  the  dominant  unstable  modes  for  a 
small  vertical  wind  shear  like  that  inferred  from  observations.  We  develop  a  nonlin¬ 
ear  model  truncated  to  one  growing  mode  which  generates  a  multiple  jet  meridional 
structure,  driven  by  the  nonlinear  interaction  between  the  eddies.  In  the  weakly 
supercritical  limit,  this  model  agrees  with  previous  weakly  nonlinear  theory,  but  it 
can  be  explored  beyond  this  limit  allowing  the  multiple  jet  induced  zonal  flow  to 
be  stronger  than  the  eddy  field.  Calculations  with  a  fully  nonlinear  pseudo-spectral 
model  produce  stable  meridional  multi-jet  structures  when  beginning  from  a  random 
potential  vorticity  perturbation  field.  The  instability  removes  energy  from  the  mean 
state  weak  baroclinic  shear  and  generates  turbulent  eddies  that  undergo  an  inverse 
energy  cascade  and  form  multi-jet  zonal  winds.  The  jets  are  the  dominant  feature 
in  the  instantaneous  upper  layer  flow,  with  the  eddies  being  relatively  weak.  The 
jets  scale  with  the  Rhiiies’  length,  but  are  strong  enough  to  violate  the  barotropic 
stability  criterion.  We  show  that  the  basic  physical  mechanism  for  the  generation  and 
stability  of  the  jets  in  the  fully  nonlinear  two  layer  numerical  model  is  similar  to  that 
of  the  truncated  model. 
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The  model  discussed  in  chapter  7  points  out  the  possible  importance  of  the  in¬ 
teraction  between  the  convectively  driven  interior  and  the  shallow  stably  stratified 
atmosphere.  In  chapter  8  we  discuss  preliminary  results  of  such  coupling  using  the 
anelastic  GCM  when  driven  by  both  convection  and  solar  forcing.  We  show  a  possible 
application  for  our  anelastic  model  for  the  upcoming  JUNO  mission  to  Jupiter  (2011) 
which  will  measure  the  high  order  gravity  moments.  We  follow  on  a  suggestion  by 
Hubbard  (1999)  that  precise  measurements  of  the  high  order  gravitational  moments 
can  give  information  on  the  deep  wind  structure  of  the  planet.  We  calculate  the 
gravitational  moments  resulting  from  the  density  field  for  different  end-state  velocity 
profiles.  In  chapter  8  we  conclude  and  summarize  our  results  both  from  the  pure 
fluid  mechanical  aspect  of  the  problem,  and  the  application  to  the  dynamics  and 
circulation  on  the  giant  planets. 
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Chapter  2 


A  Deep  Anelastic  General  Circulation 
Model 


2.1  Model  Overview 

VVe  are  interested  in  studying  the  dynamics  of  system  where  the  fluid  is  not  confined 
to  a  spherical  shell,  is  driven  by  internal  convection  and  the  density  varies  over  several 
orders  of  magnitude.  Previous  attempts  to  model  this  system  fall  into  two  general 
categories:  convection  models  with  deep  geometry  that  are  limited  to  Boussinesq 
dynamics  (e.g.  Zhang  and  Schubert,  1997;  Aurnou  and  Olson,  2001;  Christensen, 
2002;  Heimpel  et  al.,  2005),  or  spherical  shell  atmospheric  type  models  which  lack  or 
parametrize  the  interior  convection  (e.g.  Cho  and  Polvani,  1996;  Lee,  2004;  Lian  et  al., 
2006).  The  idea  of  forming  such  a  model  is  two  fold:  one  reason  is  to  address  in  a  new 
way  some  of  the  questions  presented  in  chapter  1  regarding  the  dynamics  on  the  giant 
planets.  The  second  reason  is  to  look  at  new  aspects  of  fluid  dynamics  of  a  rotating 
sphere  in  which  the  gravity  and  rotation  vectors  are  not  parallel.  Such  analysis  has 
never  been  attempted  in  a  system  which  is  non-Boussinesq,  non-hydrostatic  and  has 
a  realistic  equation  of  state  which  is  dependent  on  the  pressure  variations.  As  we  will 
show  in  the  next  chapter  this  model  also  allows  us  to  reach  more  turbulent  regimes 
than  achieved  in  previous  work. 

A  main  complexity  of  this  problem  is  that  the  system  varies  in  more  than  four 
orders  of  magnitude  in  density  (from  about  a  tenth  the  density  of  air  at  1  bar  to 
a  few  times  the  density  of  water  at  10  Mbar),  and  therefore  requires  accounting  for 
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the  compressibility  of  the  gas.  Typically  this  problem  is  overcome  by  using  pressure 
coordinates  which  allows  us  to  use  equivalent  Boussinesq  dynamics,  with  redefining 
the  vertical  velocity,  and  still  to  account  for  the  compressibility  of  the  gas  (Vallis, 
2006).  However  since  this  is  a  convective  system  and  we  need  to  conserve  all  non- 
hydrostatic  components  in  the  momentum  equations,  the  use  of  pressure  coordinates 
brings  additional  difficulties.  Therefore  we  have  constructed  the  model  in  regular 
depth  coordinates,  but  use  the  anelastic  approximation  to  account  for  the  variations 
in  density.  This  approximation  allows  for  the  variations  in  mean  density  but  neglects 
the  density  anomalies  in  the  mass  equation.  Although  a  natural  starting  point  for 
this  model  would  seem  to  be  an  atmospheric  model,  the  flexibility,  the  available  non¬ 
hydrostatic  core,  the  reliability,  and  the  available  support  at  MIT  led  us  to  choose  to 
use  the  MITgcm. 

2.2  The  Anelastic  System 

The  anelastic  approximation  was  first  introduced  by  Batchelor  (1953)  for  a  adiabat- 
ically  stratified  horizontally  uniform  reference  state.  Then  it  was  more  rigorously 
presented  by  Ogura  and  Phillips  (1962)  in  order  to  filter  sound  waves  in  a  non- 
hydrostatic  system.  In  essence,  they  perform  a  linearization  around  a  specified  adi¬ 
abatic  state  s  =  So  which  defines  a  reference  pressure  p{r)  and  density  p{r).  The 
mass  equation  loses  the  ^  term  (thereby  eliminating  the  fast  sound  waves);  Ogura 
and  Phillips  showed  that  with  suitable  changes  in  other  equations  and  using  an  ideal 
gas,  the  anelastic  system  conserves  energy.  Durran  (1989)  showed  a  more  general 
solution  which  he  called  the  pseudo-incompressible  approximation,  where  he  relaxes 
the  assumption  that  entropy  anomalies  are  small  compared  to  the  reference  adiabatic 
state.  In  the  pseudo-incompressible  system  density  fluctuations  which  arise  through 
fluctuations  in  pressure  are  neglected,  and  density  fluctuations  from  temperature  are 
figured  into  the  mass  balance.  Durran’s  solution  may  be  better  applicable  for  systems 
with  large  horizontal  temperature  variations,  however  in  a  convective  system  with  a 
large  range  of  densities  and  pressures,  one  can  not  assume  density  fluctuations  due 
to  pressure  are  small,  while  due  to  the  convection  the  reference  state  may  be  close 
to  adiabatic.  Both  Ogura  and  Phillips  and  Durran  assume  the  fluid  is  an  ideal  gas, 
while  for  the  interior  of  the  giant  planets  the  gas  diverges  significantly  from  an  ideal 
gas  (section  2.3).  We  have  extended  the  derivation  for  a  general  equation  of  state. 
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and  demonstrated  that  as  long  as  the  mean  state  is  close  to  adiabatic  the  system  will 
conserve  energy;  this  is  shown  in  section  2.2.3.  Taking  the  density  and  pressure  to  be 


P  -  p{r)  +  p'  {(l>,0,r,t) 
P  =  P{r)  +p'  {4>,0,r,t) 


(2.1) 

(2.2) 


defines  a  background  hydrostatic  state 


—  =  -pg(r), 


(2.3) 


where  the  gravitational  acceleration  g{r)  is  also  a  function  of  depth  and  is  defined  by 


r 


(2.4) 


0 


where  G  is  the  Cavendish  constant.  The  density  and  pressure  anomalies  vary  both 
spatially  and  temporally.  With  the  anelastic  approximation  the  continuity  equation 
therefore  takes  the  form 


V  •  (pu)  =  0, 


(2.5) 


where  u  is  the  3D  velocity  vector.  Throughout  the  thesis  we  will  try  and  keep  the 
equations  concise  using  vector  form,  but  in  this  section,  for  completeness,  we  will 
write  the  model  equations  in  the  full  form.  Given  the  spherical  nature  of  the  problem 
we  will  use  spherical  coordinates,  where  0  is  the  longitude,  0  is  the  latitude  and  r  is 
the  radial  coordinate.  Therefore  the  velocity  vector  is  defined  in  spherical  coordinates 
as 


(2.6) 


With  p  defined  by  (2.1)  and  with  the  divergence  operator  in  splierical  coordinates, 
the  mass  equation  (2.5)  takes  the  form 


(2.7) 
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2.2.1  The  Anelastic  Momentum  Equations 

The  momentum  equations  for  a  rotating  fluid  when  applying  the  anelastic  approxi¬ 
mation,  thus  assuming  p'  {(l>,9,r,t)  -C  p{r),  in  spherical  coordinates  become 


Du  uw  uv 

— -  H - tan  6  —  2Q  sin  9v  -f-  cos  9w 

Dt  r  r 


Dv  wv  ^  ^ 

— — I - 1 - tan  ^  -I-  2Q  sm  9u 

Dt  r  r 


Dw 

'm 


r 


2Q  cos  9u 


where  ^  is  the  material  derivative, 


1  dp' 
pr  cos  9 


-f  (2.8) 


1  dp' 
pr  09 


(2.9) 


p  or  p' 


D  d  u  d  V  d  d 

-  = - 1 - 1 - h  W - . 

Dt  dt  r  cos  9  d(l)  r  89  dr 


Q  =  Q{r,9)  is  the  planet’s  rotation,  is  a  constant  viscosity,  and  the  Laplacian 
operator  is  given  by 

dr 


1 


d^ 


1 


d 


cos^  9  dcj)^  r^  cos  9  89 


COS0 


89 


We  have  made  an  approximation  neglecting  some  of  the  terms  when  going  from  a 
Laplacian  of  a  vector  to  that  of  a  scalar  (Morse  and  Feshbach,  1953)  in  the  viscosity 
term.  Similar  to  the  Boussinesq  approximation,  the  large  hydrostatic  mean  terms 
(2.3)  can  be  removed  from  the  vertical  momentum  equation  so  that  the  terms  in 
the  momentum  equations  tend  to  be  of  the  same  order.  Typically  in  oceanic  and 
atmospheric  applications  (Pedlosky,  1987),  since  the  motion  is  confined  to  a  thin 
spherical  shell,  some  of  the  metric  terms  in  (2.8  -  2.10)  can  be  neglected.  However, 
when  studying  the  dynamics  of  a  full  sphere,  where  r  varies  considerably,  these  terms 
are  important.  The  Coriolis  term  associated  with  the  vertical  velocity  and  the  Coriolis 
term  in  the  vertical  equation  are  typically  neglected  as  well.  The  first  is  neglected  due 
to  the  small  aspect  ratio  between  vertical  lengths  and  horizontal  lengths  leading  to 
the  vertical  velocity  scaling  smaller  than  the  horizontal  velocity.  Similarly,  due  to  the 
small  aspect  ratio  the  vertical  momentum  equation  to  the  first  order  is  hydrostatic 
(beyond  the  hydrostatic  basic  state)  and  the  Coriolis  term  typically  may  be  neglected. 
We  emphasize  that  we  do  not  make  any  of  these  approximations,  and  the  importance 
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of  these  typically  neglected  terms  is  discussed  further  in  chapter  4.  In  the  deep 
sphere  much  of  the  intuition  such  as  the  vertical  balance  being  close  to  hydrostatic, 
or  the  similar  scaling  of  zonal  and  meridional  motions  does  not  hold.  In  fact,  as 
we  will  show,  in  this  problem  there  is  a  closer  connection  between  the  vertical  and 
meridional  velocities,  than  between  horizontal  ones. 


2. 2. 1.1  The  Anelastic  Equations  for  an  Ideal  Gas 

A  main  difference  between  the  anelastic  system  and  the  Boussinesq  one  is  that,  since 
the  background  density  is  not  taken  as  a  constant,  a  more  natural  variable  for  the 
buoyancy  is  the  entropy.  We  begin  by  discussing  this  for  an  ideal  gas,  following  Ogura 
and  Phillips  (1962),  and  then  show  the  buoyancy  expression  for  a  general  equation 
of  state.  For  an  ideal  gas  we  can  express  the  entropy  as  a  function  of  pressure  and 
density  s  =  s{p,  p)  so  that 


s  =  Cp\og9  =  CplogT  -  R\ogp  =  Cy\ogp  -  Cplogp  (2.13) 


where  Cp  and  Cy  are  the  specific  heat  at  constant  pressure  and  volume  for  an  ideal 
gas,  and  R  is  the  ideal  gas  constant.  Considering  a  variation  s'  from  the  mean  state 
s  we  can  express  the  buoyancy  term  in  (2.10)  in  terms  of  density  and  pressure  using 
(2.13)  so  that 


p'  ^  p'  _  1  p'  s'  ^  Ip'  s' 

P  ^  P  7  P  Cp  ^  7  p  Cp' 


(2.14) 


where  7  is  the  ratio  Similarly  we  can  do  the  same  for  the  mean  density  gradient 
so  that 

~  _L^  _  _  J_^[£  /ois^ 

p  dr  7p  dr  Cp  dr  yp  Cpdr' 

where  the  approximation  has  been  to  the  same  level  as  the  approximation  done  for  the 
momentum  equations  in  (2.8  -  2.10).  Then  the  vertical  momentum  equation  (2.10) 
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using  (2.14,  2.15)  can  be  written  as 


-- — h  2Qcos6u 
Dt 


_a 

dr 

dr 


p'  \qp  \  ds 

+  ^  ^  H - 

p  [7P  Cj,dr 

p'  ds  gs' 

Cpp dr Cp' 


(2.16) 

(2.17) 


so  that  the  buoyancy  term  in  the  vertical  momentum  equation  is  expressed  in  terms 
of  the  entropy  only.  For  a  basic  state  which  is  adiabatic,  this  system  is  analogous 
to  the  Boussinesq  system,  with  the  pressure  term  including  the  variation  in  mean 
density,  and  entropy  instead  of  density  in  the  expression  for  buoyancy. 


2. 2. 1.2  The  Anelastic  Equations  for  a  General  Equation  of  State 


We  would  like  to  extend  this  to  a  general  equation  of  state.  Since  our  system  diverges 
from  an  ideal  gas  in  the  interior  (section  2.3),  this  will  allow  us  to  apply  the  anelastic 
equations  to  the  deep  interior  of  the  planet.  We  assume  a  general  equation  of  state, 
and  define  entropy  in  the  general  form  s  —  s{p,p).  We  use  the  following  definitions 


C  =  T  (  — 
^  ^  dT 

"  P  Ut 


(2.18) 

(2.19) 


for  the  specific  heats  (at  constant  pressure  and  volume),  the  isobaric  expansion  co¬ 
efficient  and  the  isothermal  compressibility  per  unit  mass.  This  allows  us  to  express 
the  small  entropy  variation  from  a  mean  state  as 


s  = 


(2.20) 


Applying  the  same  for  the  mean  state  entropy  and  keeping  this  derivation  general, 
thus  allowing  the  mean  entropy  to  vary  radially,  gives 


dp  aT^  ds  CySp^g 

dr  Cp  dr  Cp 
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Then  the  vertical  momentum  equation  can  be  written  as 


Dw 

~Di 


+  2Q.cos9u  =  — I  —  1  —  — 


dr  \p 


aTpds  CvSp^g 

_  P 

aTp  , 

CJp  ,1 

1  p 

[  Cp  dr  ^  Cp 

P 

1 - 

1 

O3 

c  ^ 

_  o 

dr  \  p)  p 


aT  ds  ,  qaT 

p 


pCp  dr 


a 


(2.22) 


Therefore,  the  buoyancy  is  expressed  by  two  terms.  One  involves  the  mean  state 
entropy  gradient  and  the  pressure  variations,  and  a  second  term  has  only  the  entropy 
perturbations.  This  shows  that  a  natural  reference  system,  analogous  to  one  of  a  con¬ 
stant  background  density  in  the  Boussinesq  system,  would  be  an  adiabatic  reference 
state  so  that  ^  =  0.  In  that  case 


Dw 

— — h  2Qcos6u 
Dt 


, 

C  ^  ’ 


(2.23) 


where  <I>  =  |-  is  the  anelastic  potential.  In  the  case  of  an  ideal  gas  (2.22)  reduces  to 
(2.17).  We  can  gain  more  intuition  for  the  buoyancy  term  by  noting  that 


VT  = 


(2.24) 


where  we  have  used  the  basic  hydrostatic  state  (2.3),  and  the  Maxwell  identity 


(2.25) 


Then  for  the  adiabatic  case  we  can  write  (2.22)  as 

-^-\-2ncoseu  =  12.26) 

Dt  or 

Thus  under  the  anelastic  approximation,  with  an  adiabatic  background  state,  the 
buoyancy  term  is  given  directly  by  the  entropy  variation  and  the  background  tem¬ 
perature  gradient.  This  result  is  the  anelastic  system  used  by  Ingersoll  and  Pollard 
(1982)  who  have  used  a  Legendre  transform  to  obtain  this  relation  directly,  thus  using 
the  thermodynamic  variables  s,T  instead  of  p,  p  which  are  typically  used  in  geophys¬ 
ical  fluid  applications  (which  we  will  keep  because  of  using  the  MITgcm).  We  have 
shown  therefore  that  the  anelastic  approximation  expressed  in  terms  of  entropy  is 
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not  limited  to  an  ideal  gas,  and  if  assuming  an  adiabatic  reference  state  it  takes  the 
simple  form  (2.26). 


2.2.2  The  Anelastic  Thermodynamic  Equation 

An  advantage  of  this  form  is  that  it  allows  a  direct  connection  to  the  thermodynamic 
equation,  which  in  the  most  complete  form  for  a  general  equation  of  state  is  written 
in  terms  of  entropy  so  that 


(2.27) 


where  Q  is  the  heating  rate  per  unit  mass,  and  k  is  the  diffusivity  which  we  will 
assume  to  be  constant.  Then  applying  the  anelastic  approximation,  and  assuming 
a  basic  state  which  is  adiabatic  (constant  s  -  see  section  2.2.3),  we  can  write  the 
thermodynamic  equation  as 


ds  „2  I 

— — I — V  •  (pus  )  —  kV^s 
dt  p  ' 


Q 

T 


(2.28) 


The  forcing  is  described  in  section  2.5.  For  this  system  to  be  consistent  for  a  general 
equation  of  state  we  need  to  show  that  the  energy  equation  has  a  closed  form. 

2.2.3  Energetics  of  the  Anelastic  System  with  a  General  Equa¬ 
tion  of  State 

In  the  Boussinesq  system  an  energy  equation  can  be  derived  by  scalar  multiplying 
the  momentum  equations  with  the  velocity  to  form  a  kinetic  energy  equation.  A 
potential  energy  equation  can  be  formed  by  multiplying  a  buoyancy  term  with  the 
thermodynamic  equation.  The  evolution  of  the  total  energy  can  then  be  expressed 
as  an  energy  flux.  Ingersoll  (2005)  shows  in  an  oceanic  context  with  the  density 
depending  on  three  thermodynamic  variables  (pressure,  temperature  and  salinity), 
the  equations  will  still  be  energetically  consistent.  For  the  anelastic  case  Ogura  and 
Phillips  (1962)  show  that  for  an  ideal  gas  a  similar  relation  can  be  formed.  We  begin 
therefore  from  the  momentum  equation  with  the  buoyancy  in  the  vertical  equation 
expressed  in  terms  entropy  (2.22) 
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(2.29) 


^  +  2Qxu  =  -V  (-)  -  s'VT, 

Dt  \pj 


where  u  is  the  full  3D  velocity.  We  define  buoyancy  and  an  anelastic  potential  as 

(2.30) 

(2.31) 
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Scalar  multiplying  (2.29)  with  pu  and  using  the  anelastic  mass  equation  (2.5)  gives 


dt 


+  V- 


( 


y  +  o  +  r,') 


pu  •  TVs'  — 


aTp'w  ds 
Cp  dr' 


(2.32) 


If  the  background  state  is  adiabatic,  so  that  the  second  term  on  the  right  hand  side 
vanishes,  we  can  use  the  thermodynamic  equation  (taking  only  conservative  terms) 
to  replace  the  right  hand  side  of  (2.32).  Multiplying  the  thermodynamic  equation 
(2.28)  by  pT  gives 


TV  •  {pus')  =  pu  •  TVs' 


(2.33) 


where  we  have  used  the  anelastic  mass  equation  again.  Then  the  energy  equation  can 
be  written  as 


+  V- 

+  $-Ts  j 

(2.34) 


Therefore  for  an  adiabatic  background  state  there  is  no  requirement  to  use  a  specific 
equation  of  state  for  the  anelastic  equation  to  be  energetically  consistent. 


2.3  The  Equation  of  State 

On  Jupiter  and  Saturn  the  gas  is  primarily  composed  of  hydrogen  and  helium  with 
small  amounts  of  heavier  elements.  At  low  temperatures  and  pressures  in  the  outer 
regions  of  the  planet,  hydrogen  is  a  molecular  gas  and  the  equation  of  state  (EOS)  may 
be  approximated  as  an  ideal  gas.  Deeper  into  the  interior,  however,  due  to  the  high 
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densities  and  relatively  low  temperatures  (compared  to  stars),  the  giant  planets  lie 
in  an  extremely  complex  thermodynamic  regime.  The  main  factors  that  separate  the 
gas  under  these  conditions  from  ideal  gas  behavior  are  pressure  ionization,  electron 
degeneracy,  and  Coulomb  interactions  (Guillot,  2005).  We  use  an  EOS  calculated 
by  Saumon  et  al.  (1995)  specifically  for  high  pressure  hydrogen  and  helium  mixtures 
including  these  thermodynamic  complexities.  In  addition  this  EOS  has  been  partly 
calibrated  with  high  pressure  and  density  experimental  data. 

Below  we  review  the  physics  governing  this  equation  of  state,  estimating  the  effect 
of  these  phenomena  on  the  pressure,  given  the  density  and  temperature.  Although  this 
thesis  focuses  on  the  fluid  dynamics  we  have  devoted  significant  time  to  understanding 
the  thermodynamics  and  estimating  their  importance  on  the  equation  of  state  and  the 
reference  state  of  the  model.  Eventually  this  boils  down  to  a  choice  of  an  equation  of 
state  and  the  reference  state  discussed  in  section  2.4,  but  this  choice  was  not  obvious 
at  start.  In  section  8.2.2  we  estimate  the  gravitational  moments  of  Jupiter  using  our 
model,  which  are  a  measurable  quantity  in  the  JUNO  mission.  These  results  may 
give  further  constraints  on  future  equations  of  state. 

2.3.1  Electron  Degeneracy 

For  stars  with  mass  over  0.3  solar,  the  typical  densities  and  temperatures  imply  that 
the  electrons  will  always  behave  with  near  Maxwellian  distribution  of  the  momen¬ 
tum.  However,  the  Giant  planets  lie  in  a  regime  where  due  to  the  low  mass,  the 
temperatures  are  relatively  cool,  while  the  densities  are  high,  and  therefore  the  Pauli 
exclusion  principle  yields  a  distribution  which  is  determined  by  Fermi-Dirac  statistics. 
The  number  of  electrons  in  a  volume  dV  and  with  the  momentum  [p,p  +  dp]  according 
to  the  Boltzmann  distribution  function  is 

f{p)dpdV  =  4ne;rp^  ^e^^^)dpdV,  (2.35) 

(27rmeA:T)2 

where  k  is  the  Boltzmann  coefficient,  T  is  the  temperature,  Ue  is  the  number  density 
of  the  electrons  and  rrie  is  the  electron  mass.  Then  for  a  constant  Ue  the  maximum  of 
the  distribution  function  Pmax  =  \/2mekT  tends  to  smaller  values  of  p  as  temperature 
becomes  smaller,  and  /  (p)  becomes  higher  (since  rie  is  given  by  f  f  (p)  dp).  However, 
since  electrons  are  fermions,  for  which  Pauli’s  exclusion  principle  holds,  each  quantum 
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cell  of  volume  dpxdpydpzdV  =  where  h  is  the  Plank  constant,  cannot  contain  more 
than  two  electrons.  The  Pauli’s  exclusion  principle  therefore  demands  that 


/  (p)  dpdV  < 


Snp'^dpdV 


(2.36) 


and  therefore  giving  an  upper  bound  for  /  (p).  Figure  2.1  shows  the  Boltzmann  distri¬ 
bution  for  different  temperatures  and  the  limit  from  the  exclusion  principle  for  both 
typical  stellar  values,  and  planetary  interior  values  typical  to  Jupiter.  It  shows  how 
due  to  the  low  temperatures  the  exclusion  principle  is  a  much  stronger  restriction  for 
planetary  values  than  for  stellar  ones,  requiring  the  electrons  to  occupy  much  higher 
energy  levels.  Therefore  the  equation  of  state  needs  to  include  quantum  mechanical 
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Figure  2.1:  The  Boltzmann  distribution  and  Pauli’s  exclusion  principle  for  both  plan¬ 
etary  and  stellar  values. 

effects  if  the  temperature  is  too  low  or  the  density  is  too  high.  Due  to  the  relatively 
low  temperatures  in  Giant  planet  interiors  this  happens  relatively  close  to  the  exterior 
(Figure  2.3).  These  electrons  are  referred  to  as  degenerate.  The  transition  to  a  fully 
degenerate  state  is  not  a  sharp  one  (for  a  finite  temperature).  The  most  probable 
occupation  of  the  phase  cells  of  the  shell  \p^  p-\-dp]  in  momentum  space  is  determined 
by  Fermi-Dirac  statistics,  where 
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(2.37) 


f{p)dpdV 


Snp^dpdV  1 

/j3  1  ^E/kT-xl)  ’ 


2 

where  E  =  is  the  energy  in  the  non-relativistic  case,  and  ip  is  defined  as  the 
degeneracy  parameter.  Then 


with 


Stt  7“  p^dp 

Jo  1  + 


Stt  {2'iTmekT)  ^ 


a  (^p) , 


(2.38) 


where  we  have  defined  p  =  p{2mekT)  Therefore  the  degeneracy  parameter  is  a 
function  of  neT~^^'^  only.  The  limit  of  large  negative  values  of  tp  represents  the  limit 
of  high  temperatures  with  a  classic  Boltzmann  distribution.  In  the  limit  of  large 
positive  tp,  when  introducing  an  energy  so  that  ip  =  then  for  large  enough  ip  there 
is  a  discontinuity  in  the  distribution  function  at  energy  Eo-  This  corresponds  to  the 
limit  of  very  low  temperatures  where  there  is  a  discontinuity  at  the  Fermi  energy. 
For  intermediate  values  using  rngdE  —  pdp  and  p  =  {2meE)^  the  number  density 
becomes 


47r  3 

Ue  =  —  {2mekT)^  Fi/2{'1>) ,  (2.40) 

where 

e‘'de 

=  I  (2.») 

is  the  Fermi-Dirac  function.  The  electron  pressure  is 

Pe  =  ^{2mekT)hTFy2m.  (2.42) 

Therefore  for  a  given  density  and  temperature,  by  inverting  (2.38)  (the  Fermi-Dirac 
integrals  have  a  unique  inverse  function),  the  electron  pressure  Pg  can  be  determined. 
In  Figure  2.2  we  show  the  pressure  of  the  electrons  due  to  degeneracy  as  function  of 
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toinixTiituro  and  (h'nsity.  Supniiniposc'd  is  tlio  rofon'nco  state'  for  .Inpitor.  It  shows 
that  Jupiter  lies  in  tlie  region  where  degeneracy  is  important,  where  the  density  lias 
a  stronger  effect  than  temiierature  on  pressure.  Figure  2.2  shows  that  for  .lupiter 
the  effect  of  electron  pressure'  is  important  and,  over  most  eif  the  dennain  is  me)re' 
impeirtant  than  the  pre'ssnre  of  the  atoms  themselves  approximated  by  the  ideal  gas 
pressure. 
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Figure  2.2:  The  effect  of  electron  pressure  on  the  equation  eif  state,  h'ft:  The  jire'ssure' 
Pf-  of  the  electrons  as  function  of  temperature  and  density.  The  black  line  is  the 
profile  for  Inpiter  from  Gnillot  and  Morel  (1995).  right:  The  relative  contribution  of 
('lectron  prc'ssure  to  tin'  total  pressure  of  a.n  ideal  gas  of  Hydrogen. 


2.3.2  Pressure  Ionization 

The  ionization  k'vel  of  an  atom  is  determined  by  its  temperature  and  jiressnre.  J  his 
is  nsnally  given  by  the  Saha  ri'lation  (Kijipenhahn  and  Weigert,  1990)  which  holds 
for  high  temperatures  in  the  interiors  of  stars.  However,  in  .lupiter’s  interior  most  of 
th('  ionization  is  due  solely  to  pressure.  This  is  called  pressure  ionization  and  can  be 
approximated  roughly  by  the  fact  that  an  atom  must  be  ionized  if  the  matter  is  so 
(h'lise  that  the  distance  between  atoms  is  smaller  than  twice  the  Bohr  raxlius.  In  this 
case  even  an  electron  in  the  lowest  possible  orbit  will  not  be  bound.  The  condition 
for  pressure  ionization  could  be  approximated  as 
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when'  d  is  the  distanco  bct.wooti  atotiis,  tin  is  the  nutnber  (l('iisity,  and  an  is  tlic 
Bohr  number.  For  hydrogen  this  leads  to  an  ionization  density  of  348  ^  which 
corresponds  approximately  to  0.92  of  the  radius  of  Jupiter  and  0.8  for  Saturn  (Figure 
2.3).  Therefore  we  can  cxj)ect  the  deep  interior  to  be  com[>letely  ionized.  Even  in 
the  regions  exterior  to  the  radius  of  full  ionization,  the  ionization  level  will  still  be 
heavily  influenced  by  pressure  ionization.  In  the  exterior,  where  pressure  ionization 
is  negligible,  calculations  from  the  Saha  relation  show  that  temperatun's  are  too  low 
to  cause  significant  thermal  ionization.  To  estimate  the  pressure  therefore  one  needs 
to  take  itito  account  the  pressun'  both  from  the  ions  and  th('  (dectrons.  An  order  of 
magnitude  estimate  is  that  ions  and  electrons  have  similar  contributions  to  the  total 
pressure  (Guillot,  2005). 

Thus  most  of  the  interior  is  composed  of  heavily  ionized  (h'lise  phisma,  often 
referred  to  as  liquid  metallic  hydrogen.  The  physics  of  the  phase'  transition  between 
molecular  fluid  to  the  metallic  fluid  caused  by  the  pressure  ionization  remain  i)Oorly 
uiuh'rstood.  There  have  been  attempts  to  calculate  an  eepiation  of  state  for  this 
])hase  transitional  regime  (Saumon  et  ah,  1995)  however  recent  results  by  the  authors 
themselves  suggests  that  their  previous  n'sults  were  not  accurate'.  Tln'ieforc  in  the' 
equation  of  state  we  will  use  we  include  the  effect  of  pressure  ionization,  but  ignore 
any  variations  in  the  equation  of  state  from  processes  involved  in  the  phase  transition 
itself. 

2.3.3  Coulomb  Interactions 

Another  important  quantity  that  has  an  effect  on  the  equation  of  state  is  the  coupling 
parameter,  which  is  the  ratio  of  the  Coulomb  potential  to  the  thermal  energy.  This 
measures  how  strong  are  the  coulomb  interactions  relative  to  the  thermal  energy  as 
the  density  changes  in  the  planet’s  interior.  The  coupling  paramet('r  for  hydrogen  is 
given  by 


F 


(2.44) 


where  d  is  the  mean  distance  between  nuclei,  and  e  is  the  electron  charge  (Guillot, 
2005).  As  F  increases  due  to  either  an  increase  in  density  or  a  decrease  in  temperature 
Coulomb  forces  become  stronger.  Hubbard  (1968)  has  shown  that  Jupiter’s  interior  is 
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not  ('xp('ct('(l  to  crystallize'  (Impix'iis  for  F  >  180).  and  should  he  hot  ('iiough  so  that 
the  interior  will  remain  a  fluid.  Saturn’s  interior  is  also  expected  to  remain  a  fluid. 
Typical  values  for  the  interior  can  he  seen  in  Figure  2.3,  and  the  system  is  dominated 
hy  the  repulsive  Colomhian  potential  hetween  nuclei. 

2.3.4  The  SCVH  Equation  of  State 

In  summary  a  large  fraction  of  the  interior  is  composed  of  metallic  hydrogen.  In  this 
region  eh'ctron  degeneracy,  jwe.ssure  ionization,  and  Coulomh  interactions  have  sig¬ 
nificant.  contrihutions  to  the  pressure.  Outside  of  this  region  hydrogen  is  a  molecular 
gas,  and  to  a  good  approximation  is  close  to  an  ideal  gas.  In  tlu'  interior  the  pressun' 
can  h('  expressed  in  the  following  form  (Stevenson,  1991) 

F*  =  Pe  +  Pinn  1  Pfonl  +  Per-.  ('--“l'^) 

where  P,.  is  the  contrihution  frotn  the  (h'generate  electron  gas,  P,„„  is  the  contrihution 
from  the  ions,  P,md  i^  «t  negative  term  du('  to  the  Coulomhian  interactions  of  nuclei, 
and  Pcx  is  a  negative  term  due  to  electron-electron  n'pulsion  because  of  the  exclu¬ 
sion  principle.  Exact  calculations  of  these  effects  are  com{)lex  and  involve  further 
a|)proximations  that  until  recently  have  been  untested  in  the  appropriate  regimes  of 
t('niperatur('  and  pressure.  Several  rec('nt  ex])erinients  on  hydrogen  (Collins  et  ah. 
1998;  Knudson  et  ah,  2001)  now  provide  data  in  regimes  of  interests  for  giant  planets 
and  can  provide  constraints  on  the  ecpiation  of  state.  Saunion  et  ah  (1995)  have  calcti- 
lat(>d  an  approximate  equation  of  state  (n'fern'd  to  as  SC\  H),  for  both  hydrogen  and 
helium  taking  into  account  all  these  effects  and  extrapolating  between  the  different 
regitiK's. 

In  Figure  2.3  we  compare  between  the  SC\  H  equation  of  state  for  hydrogen  (blue), 
and  an  ideal  gas  (daslu'd  red).  To  get  a  feel  for  rough  estimates  of  the  physics  diverging 
the  equation  of  state  frotn  an  ideal  gas,  we  show  the  limits  for  the  phenomenon 
discussed  in  this  section.  The  green  lines  show  the  thermal  and  pressure  ionization 
limits  (2.43),  the  purple  curve  shows  the  electron  degeneracy  limit  (2.42),  and  the 
magenta,  curves  show  the  Coulomb  limits  (2.44)  for  different  values  of  F.  It  is  ch'ar 
that  beyond  10^  bars  {2%  of  the  planetary  radius)  all  these  effects  become  important 
and  indeed  beyond  this  region  the  SCVH  EOS  diverges  from  an  ideal  gas.  In  the  low 
tern[)erature  and  density  limit  the  SCVH  EOS  is  similar  to  an  ideal  gas,  while  for 
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Figure  2.3:  Isobars  of  the  hydrogen  SCVH  EOS  and  an  idc'al  gas  in  log/;  -  logT 
space,  black:  the  profile  for  Jupiter  from  Guillot  and  Morel  (1995);  red:  the  adiabat 
of  the  SCVH  EOS  that  matches  the  Galileo  observation;  puri)le:  the  limit  where 
I)rcssure  from  the  electron  gas  becomes  significant  (2.42);  dashed  green:  the  limit  of 
pressure  ionization  (2.43);  green:  the  limit  of  ionization  from  the  Saha  relation;  pink: 
where  Coulomb  interactions  are  significant  with  F  =  10  (2.44);  dashed  magenta:  the 
Coulomb  limit  with  F  =  1. 

high  pressures  it  differs  significantly. 

In  comparison  with  hydrogen,  the  EOS  of  helium  under  the  conditions  of  interest 
for  the  giant  planets  has  been  less  studied.  Experimental  data  for  helium  is  oidy 
available  up  to  0.5C  Mbar  (Nellis  et  al.,  1984).  .4  major  coniplicatiou  (Salpeter,  1973) 
is  that  hydrogen  and  helium  mixtures  can  undergo  a  phase  sejjaration  where  the 
heavier  helium  will  form  droplets  that  will  fall  towards  central  regions  of  the  planets. 
Nonetheless,  Saurnon  et  al.  (1995)  have  computed  an  EOS  for  helium,  though  it  has 
not  been  compared  against  experimental  data.  This  should  not  affect  the  results  too 
much  since  for  giant  planet  composition  mixtures,  hydrogen  represents  about  90% 
of  the  atoms,  and  helium  about  10%.  The  consequent  EOS  for  hydrogen-helium 
mixtures  is  then  calculated  using  the  additive  volume  rule  such  that 

=  (1  +  yp-i  (2.46) 

where  Y  is  the  helium  mass  fraction.  Then  the  coefficients  in  (2.20)  can  be  calculated 
based  on  this  rule.  This  method  implicitly  neglects  any  interactions  between  hydrogen 
and  helium. 
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Giv('ii  that  by  using  tlu'  SCVH  ('(piation  of  state'  for  hydroge'ii,  \\t  an'  aln'ady 
making  a  big  step  beyond  the  Bonssinesq  and  ideal  gas  models,  we  will  not  add  at 
this  stage  the  complexities  and  niicertaintics  of  the  hydrogeii-helinm  mixtures.  Using 
the  hydrogen  SCV'H  ecpiation  of  state  should  be  sufficient  for  the  level  of  com{)lexity  of 
onr  model.  For  example,  the  ideal  gas  constant  for  giant  j)lanet  composition  mixture's 
(which  is  relevant  for  the  outer  regions  -  Figure  2.3),  will  change  by  less  than 
wlie'ii  e*e)mparing  it  te)  the  ieleal  gas  constant  of  only  hydre)gen.  The'  nne*ertainty  in  the 
other  parameters  of  our  model  will  be  probably  larger  than  the  discrepancy  between 
the'  e'epiation  e)f  state's  with  anel  withe)nt  the  helium  ce)mpe)nent  (se'e  se'ctie)n  6.3).  In 
additie)!!,  we  will  not  account  for  the  variations  in  the  hydrogen  EOS  at  the  hydre)gen 
|)hase  transition  that  occurs  between  the  molecular  and  metallic  fluid.  The  eepiation 
e)f  state  for  this  pluise  transitie)n  has  be'en  pnblislu'd  with  the  e)riginal  SCVH  paper, 
but  the'  anthe)rs  have'  re'cently  repe)rte'd  an  e'rre)r  in  that  cale‘nlatie)n. 

2.4  The  Reference  State 

As  (lisnissod  in  soction  2.2.3,  using  an  a.diahati(  roforonen  state'  iniplios  that  thn 
anclivstic  system  is  energetically  consistent.  We  have  shown  that  this  does  not  limit 
the  Ibrm  of  the  eeiuation  of  state  and,  for  a  convective  driven  interior,  is  therefore'  a 
re'asonahle  a.i)i)re)ximatie)n.  The  Galileo  entry  pre)he  ha.s  fe)nnd  the  atme)sphere  to  he 
close  to  a  dry  adiahat  beyond  the  1  bar  level  (Seiff  et  al.,  1997).  \\c  find  that,  when 
taking  this  value'  e)f  e'ntre)py  fre)ni  the'  Galile'e)  pre)be'  me'asnreme'iit,  anel  using  it  as  the' 
aeliabat  with  the  SCV  H  EOS,  the  aeliabatic  profile  matches  well  |)revions  estimates 
e)f  the  interior  mean  density-te'mperature'-pressure  profile  (Gnille)t  anel  Morel,  1995). 
We  the're'fbre'  use  this  ‘‘Galilee)  aeliabat”  as  otir  reference  state  fe)r  the  me)de'l.  The 
details  of  tmderstanding  of  the  interior  depend  on  variations  in  the  adiabacity  of  the 
fluiel  as  sugge'steel  by  Guillot  et  al.  (1994).  However,  for  the  le'vel  e)f  sophisticatie)n  of 
this  fluid  dynamieal  me)del,  we'  fea'l  this  e-e)nstant  entre)py  basie’  state  will  seiffie-e.  The' 
variation  from  this  reference  entropy  is  computed  dynamically. 

I’he'  ve'rtie-al  griel  is  e  heese'ii  se)  that  griel  spae  ing  fe)lle)ws  a  e-e)nstant  me’an  pre'ssure 
ratie)  between  levels.  Relating  e>ae  h  pre^ssure  level  to  its  vertical  depth  is  set  folle)wing 
e-alculatie)ns  of  Guillot  and  Morel  (1995),  and  Guillot  et  al.  (2004).  Once  the  constant 
e'ntre)py  (S),  and  the  mean  reference  pressure  for  every  vertical  grid  point  are  set,  the 
reference  temperature  and  density  can  be  found  from  the  SCVH  EOS.  Integrating  the 


r<'fbi('nco  doiisity  allows  calculating  the  gravitational  acc<'l('ration  for  the  vertical  grid 
(2.4).  Figure  2.4  shows  these  reference  fields  as  a  function  of  depth.  In  fact  for  the 
dynamics  only  p(r)  and  g(r)  conic  in,  where  the  7'(/)  is  used  only  in  the  calculation 
of  the  forcing  profile  (section  2.5).  For  every  layer  separately  we  then  fit  a  polynomial 
to  the  SeVH  EOS  for  the  variation  in  density  so  that 


Figure  2.4:  The  adiabatic  reference  state  of  the  model.  Plots  of  density,  temperature, 
pressure  (logarithmic  axis),  and  gravitational  acceleration  as  a  function  of  depth. 


(2.47) 


where  the  derivatives  are  calculated  from  the  SCVH  polynomial  for  each  referenc(' 
I)ressure  (see  .4i)pendix  A),  and  .s'  and  //  come  dynamically  from  the  model.  This 
variation  in  density  feeds  back  to  the  model  dynamics.  Thus  we  have  a  fully  coupled 
fluid  dynamic-thermodynamic  system.  To  the  best  of  our  knowh'dge  this  is  the  first 
time  such  an  elaborate  EOS  has  been  incorporated  to  a  dynamical  gas-giant  model. 
VVe  feel  the  modification  of  the  density  pressure  temperature  entropy  relationship 
will  be  a  considerable  improvement  to  the  existing  dynamical  models,  and  will  give  a 
much  better  representation  of  the  planet’s  interior  and  its  interactions  with  the  outer 
atmosphere.  As  discussed  in  chapter  1  since  the  gas  is  largely  ionized  in  the  deep 
interior  the  magneto-hydrodynamic  contributions  which  we  do  not  include  may  be 
significant  as  well. 
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rii('  pr('ssur('-t<'tiii)('ratun'-(l('iisity  n'lationsliip  is  shown  in  Figure  2.5.  wIk'H'  it 
can  be  seen  t.liat  np  to  about  1  \Ibar  (0.9  tlie  radius  of  the  planet)  the  SC\'H  EOS 
is  close  to  an  ideal  gas,  bat  it  differs  substantially  for  the  deei)  interior. 


Figure  2.5;  Contours  of  pressure  in  logp  log'C  space  for  the  SCVll  EOS  (bine)  and  an 
ideal  gas  (magenta).  The  adiabatic  reference  state  (black)  is  close  to  the  calculations 
(red)  of  Guillot  and  .Morel  (1905);  Gnillot  et  al.  (2001).  'Fin'  model  n.ses  a  different 
polynomial  for  each  layer  (green)  to  calculate  the  dynamical  density  (2.47). 


2.5  Forcing 

I'he  fact  that  .lupitc'r  emits  more  ('iiergy  than  it  rec('ives  from  the  sun  implies  that 
internal  heat  is  transported  from  the  planet’s  interior  to  space.  The  structure  of  the 
dynamics  is  related  to  the  mechanisms  transporting  the  heat.  In  stars  heat  is  often 
transported  by  radiation  and  conduction.  On  .Jupiter  it  is  estimated  that  convection 
rather  than  conduction  is  in  effect  what  is  transporting  heat  (Guillot  et  ah,  2004). 

The  forcing  as  applied  to  the  model  <i.ssunies  the  vertical  |)rofile  is  close  to  adiabatic 
and  that  the  planet  is  cooling  on  long  time  scales.  Su])pose  we  allow  for  s  to  vary  on 
long  lime  scales  so  that  its  variation  represents  the  long  time  cooling  of  the  planet. 
We  assume  that  transport  of  heat  is  diffusive  so  the  lu'ating  has  the  form 

Q  =  C„kV^T.  (2.48) 
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Ov<'r  tho  long  non  adiabatic  time  scales  the  forcing  is  given  by 


DU  _dn  _  Cr.KV^T 
Dt  ~  dt  ~  T 


(2.49) 


The  vertical  profile  of  the  heating  rate  (2.49)  is  shown  in  Figure  2.G.  We  constrain 
the  heating  so  that,  when  integrated  over  the  whole  volume,  the  total  forcing  will 
be  zero,  and  thus  no  net  heat  is  added  (or  lost)  from  the  system  at  ('very  time  step. 
Therefore  we  shift  the  conduction  profile  (2.49)  so  that  th('  net  heating  is  zero,  and 
the  difference  is  the  heating  associated  with  the  long  time  scale  cooling.  Then  the 
actual  long  time  scale  cooling  is  given  by 


ds 


(2.50) 


where  we  denoted  the  difference  betwc'cn  the  original  profile  (2.49)  and  the  shiftf'd 
vertical  heating  profile  by  ()  .  This  is  the  representation  of  the  long  time  cooling  of  the 
planet,  and  this  term  represents  the  lu’t  loss  of  energy  whic  h  is  scu'n  in  observations. 
Then  the  thermodynamic  equation  (2.28)  including  the  explicit  forcing  becomes 


Oh 


—  +  =V  •  {pns')  -  kWs'  =  C,K  ^ 


dt 


V^T 


r 


(2.51) 


The  heat  flux  (F)  is  related  to  the  heating  rate  by  p  =  V  •  F.  Hence,  we  can 
calculate  the  effective  flux  at  each  depth  from  the  heating  by 


f  =  ^^5  /  ^rdr  +  F,„  (2.52) 

where  Fo  is  zero  since  the  flux  at  the  bottom  is  zero.  The  normalized  heating  rate 
and  heat  Hux  are  shown  in  Figure  2.6.  Note  that  the  flux  out  of  the  atmosphere  is 
effectively  zero,  which  is  different  from  Rayleigh-Benard  ty])e  convection  models  (e.g. 
Heimpel  ct  al.,  2005)  that  have  very  high  outgoing  heat  fluxes.  The  interior  heat 
fluxes  are  very  large  but  compensate  for  the  use  of  eddy  viscosity  terms  which  are  big 
due  to  the  size  of  the  grid.  We  discuss  this  issue  more  in  section  4.7. 
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Figure  2.G:  The  applied  heating  fiinetioii  (red)  and  the  resnlting  heat  flux  (black)  as 
a  function  of  depth.  Both  are  normalized  (note  that  the  heating  is  negativ<'  so  that 
the  top  levels  are  effectively  cooling  and  the  bottom  are  heating).  The  integrated 
forcing  (4.29)  over  the  whole  domain  is  zero. 

2.6  Model  Summary 

riio  iii()(l('l  s()lv('s  t,li('  lull  spliorical  niouioiituin  ('quatioiis  with  no  sphorical  slioll  a|)- 
l)roxiinations.  Thu  mass  equation  {ontains  compressihility  of  the  mean  density  which 
vari('s  radially.  I'he  th<'rmodynamic  ecpiation  is  used  in  terms  of  entropy  and  contains 
both  advection  and  diffusion  of  entropy.  The  equation  of  state  for  the  variation  in 
density  includes  both  entropy  and  pressure  fluctuations,  and  the  vertically  dependent 
coefficients  are  given  by  the  SC^VH  etpiation  of  state.  This  forms  a  system  of  si.\  ('qua- 
tions  (2.8,  2.9,  2.10,  2.7,  2.28,  and  2.47)  solved  for  the  six  unknowns  ti,v,  w,s\p',  and 
p'.  The  gravitational  acceleration  p{r)  is  calculated  from  the  mean  density.  These 
(’(]uations  have  the  parameters  and  Q.  These  parameters  are  set  by  three 

uondiitiensional  numbers  which  control  the  system;  the  Prandtl  (viscosity  vs.  con¬ 
ductivity),  Taylor  (rotation  vs.  viscous  dainping)  and  Rayleigh  numbers  (buoyancy 
vs.  viscous  and  thermal  damping).  These  numbers  are  given  by 

Pr  =  ii,  Ta  -  Ha  =  (2.53) 

K.  ’  ’  t/K  ’  '  ' 
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where  H  is  the  total  vertical  extent  of  the  model,  and  Ba  is  given  by 


B, 


Q  f  2 

^To  Vi//  ’ 


(2.54) 


where  the  subscript  0  denotes  the  top  level.  The  heating  therefore  is  normalized  by 
the  reference  entropy  value  and  thus  reduces  the  system  dependence  on  the  specific 
choice  of  the  value  of  s  (although  this  choice  still  sets  the  other  reference  values). 
B{)  will  therefore  be  the  equivalent  of  the  Brunt-Vaisala  frequency  in  a  stratified 
fluid.  To  keep  the  parameter  range  simj)le  and  since  the  grid  spacing  is  fairly  uniform 
(aka  horizontal  scales  are  similar  to  vertical  scales),  we  use  the  same  viscosity  and 
diffusivity  parameters  in  all  the  equations.  Often  in  the  text  we  will  use  the  Ekman 
number  Ek  =  instead  of  the  Taylor  number.  Other  model  settings,  which  we 
experiment  with  are  the  total  vertical  depth  (ranging  from  a  thin  spherical  shell  to 
93%  of  the  planet  radius  -  section  6.1),  and  the  rotation  rate.  Since  we  consider 
several  forms  of  thermal  forcing,  we  may  have  more  than  one  Rayleigh-like  number, 
e.g.,  one  measuring  the  horizontal  variation  in  heating  in  the  top  layers. 
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Chapter  3 


Numerical  Results 


3.1  Axisymmetric  Results 

Wlu'it  w('  observe  th<'  cireulation  on  the  giant  planets  it  app<'ars  to  first  order  fairly 
zonally  syninietric.  From  a  modeling  i)oint  of  view  the  question  is  can  an  axisyni- 
metric  model  capture  the  main  features  of  this  circulation  such  as  the  etjuatorial 
super  rotation,  alternating  jets  and  poleward  heat  transport?  From  our  experience 
with  Earth’s  atmosphere  we  know  that  zonally  symmetric  models  had  success  in  cx- 
|)laining  souk'  of  the  features  of  the  general  circnlation  (e.g.  Held  and  Hou,  1980),  but 
('ddy  fluxes  are  crucial  in  nnderstanding  the  general  circulation  (Schneider,  2006). 

In  this  section  we  present  results  of  axisymmetric  calculations.  We  use  the  full 
3D  itiodc'l  but  truncate'  it  to  one  grid  [)oint  in  the'  zonal  direction.  Much  of  the  mode'l 
develo|)ment  wivs  done  in  the  axisymmetric  setup,  which  is  simpler  computationally 
and  still  contains  the  vertical  modifications  that  were  made  to  the'  Mllgcm.  When 
comparing  to  the  3D  reseilts  we  find  that  the  circulation  is  (piite  different.  Nevertheless 
comparing  the  2D  to  the  3D  results  illuminates  the  role  of  the  zonal  asymmetries, 
|)articnlarly  the  role  of  the  eddies  in  driving  the  eejuatorial  superrotation.  Some 
asi)ects  of  the  circulation  do  carry  over  from  the  2D  to  the  3D  model  and  we  focus 
on  those  in  the  first  subsections.  We  will  begin  by  discussing  the  effect  of  rotation 
on  th('  circulation  and  then  discuss  the  onset  of  convection  and  the  critical  Rayleigh 
number. 
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3.1.1  The  Effect  of  Rotation  on  Convective  Plumes 


In  a  non  rotating  system  the  intuition  about  convecting  plumes  is  simple,  and  eon- 
veetion  is  associated  with  fluid  motion  along  the  direction  of  the  gravity  vector.  In 
a  rotating  system  the  Taylor-Proudman  theorem  puts  constraints  on  the  dynamics, 
where  now  two  key  players  in  determining  the  direction  of  motion  of  a  conv(H:ting 
plume,  will  be  the  direction  of  the  rotation  and  gravity  vectors. 

In  many  geoi)hysical  models  due  to  the  traditional  small  aspect  ratio  approxima¬ 
tion  the  horizontal  component  of  the  rotation  vector  is  neglected.  However  even  for 
deep  oceanic  convection  the  aspect  ratio  within  the  convection  columns  may  be  near 
unity  (Lilly  et  ah,  1999;  Marshall  and  Schott,  1999).  Then  the  vertical  velocities  are 
comi)arable  to  horizontal  ones  so  that  this  approximation  is  not  valid.  In  the  case  of 
a  deep  convective  atmosphere  this  is  not  valid  as  well.  The  traditional  approximation 
tix'ats  the  rotation  and  gravitation  vectors  as  paralh'l;  the  issue  of  conv('ction  wIk'u 
they  are  not  has  been  addressed  in  several  studies.  Numerical  experiments  by  several 
authors  (e.g.  Zhang  and  Schubert,  1997)  have  shown  alignment  of  convective  flow 
with  the  rotation  axis.  This  issue  is  not  sini{)le  to  treat  in  laboratory  experiments 
because  the  difficulty  of  creating  a  finite  angle  between  the  rotation  and  gravity  vec¬ 
tors,  and  the  need  of  having  the  center  of  gravity  not  coinciding  with  the  center  of  the 
Earth.  However  as  suggested  by  Busse  et  al.  (1998)  the  angh'  between  the  buoyancy 
force  and  the  rotation  axis  can  be  produced  by  the  use  of  centrifugal  force.  Sheremet 
(2004)  used  this  method  and  foimd  out  that  oceanic  typ('  sinking  plumes  t<'nd  to 
sink  in  an  intermediate  direction  between  the  effective  gravity  and  the  rotation  and 
shift  eastward.  In  a  space  lab  experiment  Hart  (1985)  used  a  sijherically  symmetric 
electric  field  acting  on  a  dialectrically  insulating  liquid  to  simulate  gravity  in  s{)ace, 
and  address  the  issue  of  the  direction  of  the  plumes  in  a  rotating  systcun. 

In  this  section  we  show  results  from  the  axisymmetric  model  showing  the  effect 
of  rotation  on  the  convectively  driven  flow.  Simplifying  the  model  further,  in  this 
section  we  use  Boussinesq  dynamics.  In  section  4.5  we  discuss  the  effect  of  rotation 
on  the  anelastic  model  and  show  the  3D  case,  but  the  essence  is  captured  by  the 
axisymmetric  Boussinesq  model.  This  analysis  in  2D  is  simpler  also  because  we  can 
define  a  2D  streamfunction,  which  will  describe  the  motion  in  the  radial-meridional 
plane.  In  the  3D  case  we  can  do  this  only  in  cases  where  rotation  limits  the  motion 
to  be  2D.  Without  assuming  a  small  Rossby  number  we  can  write  the  steady  state 
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Figure  3.1:  The  meridional  st.reamf’unet.ion  for  axisymmetric  ex])eriinents  witli  differ¬ 
ent  rotation  periods. 

vorlicity  equation  (Pcdloskv,  1987)  as 

2Q  ■  Vu -I- [a;  •  Vu -1- V  •  (tau)]  =  — Vp' x  (3.1) 

Po 

where  a’  =  V  x  u  is  tlie  vortieity  veetor,  u  is  the  3D  veloeity  veetor  and  po  is  tlie 
eonstaiit  density.  If  the  How  were  eoinpletely  harotropic  then  for  small  Rosshy  num¬ 
bers  (or  rapid  enough  rotation),  (3.1)  would  he  dominated  by  the  Hrst  term.  The 
Taylor-Proudinan  theorem  then  implies  that  the  velocity  is  constant  along  the  direc¬ 
tion  of  tlu'  rotation  axis.  Howc'ver,  since  the  convection  drivers  plumes  with  horizontal 
gradients  the  flow  is  not  completely  harotropic.  For  slow  rotation  the  vortieity  flux 
and  tilting  will  balance  the  baroclinic  vortieity  production  term.  For  cases  of  w('ak 
enough  convection  we  find  that  though  locally  the  Brunt-\'aisala  frequency  can  vanish 
(in  the  plumes),  on  average  over  the  domain  it  has  a  positive  (small)  value.  Therefore 
the  two  physical  time  scales  in  the  i)roblem,  the  rotation  period,  and  the  bnoyanev 
period,  s('t  the  character  of  the  flow.  For  large  =  the  flow  will  be  dominated  by  the 
rotation,  and  the  plumes  will  align  with  the  axis  of  rotation  giving  nearly  constant 
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Figure  3.2:  The  ratio  (blue),  and  the  aiaximum  value  of  the  streaiiifuuction  (red) 
as  function  of  the  rotation  period  for  axisyininctric  runs. 


velocities  along  this  axis.  When  =  is  small  the  buovanev  dominates  the  rotation 
and  the  plumes  align  in  the  direction  of  the  gravity  vector.  Figure  3.1  shows  the 
2D  radial-latitudinal  streamfunction  for  axisyinmetric  cfises  with  different  rotation 
period.  The  flow  develoi)s  circulation  cells  that  change  their  character  based  on  the 
ratio  of  =.  Figure  3.2  shows  this  ratio  as  a  function  of  the  rotation  period  for  a  series 
of  runs  varying  only  in  rotation  period.  For  strongly  convective  flow  the  buoyancy 
frequency  will  not  be  a  good  measure  of  convection.  An  equivalent  measure  of  the 
convection  can  be  the  ratio  of  the  nondimcnsional  numbers 


Ta  ■  P  r  _  4^ 
Ra  Bq 


(3.2) 


where  Bq  has  been  defined  in  (2.54).  We  show  in  section  4.5  for  the  3D  case  that 
this  is  a  good  measure  to  characterize  the  flow:  thus  when  y  >  1  the  flow  is  rotation 
dominated  and  aligns  with  axis  of  rotation,  and  when  y  <  1  it  is  not.  We  discuss 
this  further  in  section  4.5.  Figure  3.2  also  shows  the  normalized  intensity  of  the  2D 
streamfunction. 

The  zonal  velocity  character  is  very  different  from  the  zonal  velocity  in  the  3D 
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caso.  riiis  v<'l()city  stnictun'  is  shown  in  Figure  3.4  wlnne  we  eonipare  tli<'  21)  to 
the  3D  flow.  The  results  shown  in  this  section  are  for  an  Earth  size  aqna-planet  (a 
(leveloinnental  stage  of  this  model)  so  numerical  values  can  not  he  compared  hetween 
this  section  and  the  rest  of  the  thesis. 


3.1.2  The  Critical  Rayleigh  Number  for  a  Rotating  Fluid  on 
a  Sphere 

We  study  the  onset  of  convc'ction  in  the  rotating  axisymmetrie  system.  This  again  is 
a  case  where  the  axisymmetrie  results  do  not  differ  much  from  the  spherical  ones,  and 
to  simplify  tin*  analysis  we  look  at  the  Bonssine.stj  ease.  We  look  at  the  onset  through 
a  local  linear  stability  analysis  and  compare  the  result  to  numeri(-al  axisymmetrie 
results.  The  linear  system  in  spherical  geometry  is  given  by 
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where  /z  =  is  tlu'  buoyazicy  and  the  rest  of  the  variables  and  parameters  are 

defined  in  2.2.  We  assume  that  locally  we  can  describe  the  perturbation  by  the  form 
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which  allows  writing  this  system  as 
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wlicro  wo  have  approxiriiatod  the  Laplacian  operator  by  dropping  first  order  deriva¬ 
tives  and  denoted  the  total  wavenumber  =  —  {P  +  Solving  this  system  for 

(7  =  0  gives  the  critical  value  for  instability.  This  critical  value  occurs  at 


S 


K  {2i}  cos  01  -|-  2i}  sin  Orrn)^  ^ 
u  P  ^  1^' 


and  gives  an  expression  for  the  critical  Rayleigh  number 


/  \  ^  (/  cos  0  -h  rrn  sin  0)^  r/ 

VVy  p  ^72 


(3.10) 


(.3.11) 


Therefore  the  critical  Rayleigh  number  is  compos<'d  of  two  terms.  The  first  d('p('nds 
on  the  rotation  period,  and  the  other  purely  on  the  wave  numbers.  In  the  limit 
of  slow  rotation  the  solution  is  dominated  by  the  second  term  implying  that  the 
onset  of  convection  does  not  depend  on  latitude.  The  solution  in  this  limit  is  the 
classical  critical  number  for  Rayleigh-Benard  convection  (e.g.  Chandrasekhar,  1961) 
for  the  case  where  the  zonal  wave  number  is  zero.  Bussc  (2002)  studies  the  onset  of 
convection  in  an  annulus  and  finds  a  similar  structure  to  the  critical  Rayleigh  number, 
though  with  no  latitudinal  dependence  due  to  the  different  geometry.  In  the  limit  of 
rapid  rotation  if  the  first  term  dominates  then  the  onset  of  convection  will  depend  on 
latitude. 

We  can  test  this  solution  using  the  numerical  model.  To  allow  quantification  of 
the  dependence  of  the  onset  of  convection  on  latitude  we  use  a  simplified  forcing. 
Instead  of  forcing  by  the  profile  shown  in  Figure  2.6  we  apply  a  heat  flux  to  the 
bottom  boundary,  which  is  relaxed  by  Newtonian  cooling  at  the  top.  We  assume  the 
latitudinal  number  of  ])lumes  is  related  to  the  meridional  wave  number,  and  then  can 
plot  the  intensity  of  the  plumes  during  the  initial  stages  of  convection  as  a  function 
of  latitude.  In  Figure  3.3  we  compare  the  outbreak  of  the  convective  plumes  as  a 
function  of  latitude  and  compare  that  to  the  inverse  of  the  critical  function  obtained 
in  (3.11).  The  bottom  panel  shows  a  qualitative  match  between  the  two  profiles.  The 
intensity  of  the  convection  is  stronger  towards  the  poles  where  the  critical  Rayleigh 
number  is  smaller.  When  we  look  at  the  spin-uj)  of  the  model  with  more  complicated 
schemes  of  forcing  we  see  also  stronger  initial  convection  at  higher  latitudes.  We  find 
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Critical  Ra  #  as  a  function  of  meridional  wavenumber  and  latitude 


40  50 

latitude 


Figure  3.3:  The  critical  Rayleigh  nuiiibcr  as  function  of  latitude,  (bottoni)  Flic  color 
plot  is  the  intensity  of  the  convection  at  its  onset,  for  a  case  where  forcing  is  applied 
as  a  bottoni  Hux.  l  lie  dashed  line  is  the  inverse  of  the  critical  Rayleigh  number 
(3.11),  which  niatchcs  the  profile  set  by  the  outbreak  of  convection  as  a  function  of 
latitud(\  (top)  The  critical  Rayleigh  number  as  function  of  latitude  and  wavenumber. 
rh('  l('V('l  /  =  17  corn'spond  to  th('  dashed  line  in  th('  bottom  panel. 


th('refor('  that  for  a  radius  /‘o  when 


the  critical  Rayk'igh  number  decreases  with  latitude. 


(3.12) 


3.2  From  the  2D  to  the  3D  Model 

Duo  to  the  natural  axisyniinotrio  appoaranco  of  thornuUly  coiivocting  rotating  systems 
in  naturo,  tlu'v  liavo  hcaui  initially  stndiod  for  axisyminotric  cases.  Chandriisekliar 
(19G1)  showed  that  thermal  convection  in  a  rotating  fluid  for  high  Taylor  numbers 
will  form  convection  cells.  Roberts  (1968)  was  the  first  to  show  that  linear  asym¬ 
metric  modes  will  be  the  most  unstable  in  a  spherical  shell  when  forced  internally  by 
convection.  In  several  studies  Busse  suggested  that  these  modes  are  related  to  the  jets 
seen  on  the  outer  planets  and  may  lead  to  equatorial  superrotation  (e.g.  Busse,  1970, 
2002).  Even  on  Eiirth’s  atmosphere,  although  a  very  different  type  of  system,  the 
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statistically  averaged  flow  appears  axisyrriiiietric.  However,  the  itieehaiiisiiis  driving 
this  flow  do  depend  on  the  zonal  asymmetries  (Schneider,  200C). 

Comi)aring  our  axisymmetric  simulations  to  the  3D  ones  we  find  that  the  zonal 
asymmetries  completely  change  the  character  of  the  circulation.  Th('  axisymmetric 
model  is  composed  of  mainly  n])-down  motion  along  the  direction  of  th('  axis  of  rota¬ 
tion  with  zonal  velocities  produced  by  divergences  constrained  by  mass  conservation 
of  this  convective  How.  For  ra[)id  enough  rotation  the  Taylor-Proudman  theonun  lim¬ 
its  the  motion.  As  a  simple  example  we  can  think  of  the  flow  at  the  equator  in  the 
axisymmetric  and  Boussinesej  case.  At  the  ('(juator  the  direction  of  th('  axis  of  rotation 
coincides  with  the  latitudinal  direction  and  therefore  the  Taylor-Proudman  theorem 
implies  that  the  meridional  velocity  is  independent  of  the  latitudinal  direction.  Since 
the  velocity  is  non-divergent,  then  both  derivatives  independently  become  zero 


1  dv  dw 

7  m  ^ 


(3.13) 


Then,  since  the  boundary  condition  has  no  normal  flow  there  can  be  no  How  along  the 
e(piatorial  plane.  Since  the  pn'sence  of  conv(x:tive  plunu's  driv<'s  th('  flow  away  from 
a  completely  barotropic  state,  the  Taylor-Proudman  theorem  does  not  completely 
apply  even  for  the  Boussinesq  case  and  therefore  some  cross-equatorial  How  does 
develop  even  in  the  axisymmetric  model.  However  in  the  case  of  forcing  only  by  a 
bottom  boundary  Hux  (as  in  s('ction  3.1.2),  we  find  there  to  be  nearly  no  How  on  the 
equatorial  plane.  A  similar  argument  will  liold  for  tlie  anclastic  case  even  though  the 
mass  divergence  contains  the  mean  density.  It  can  be  seen  in  Figure  3.1  that  for  both 
cases  the  equatorial  region  is  fairly  quiescent.  In  the  3D  case,  having  the  extra  d('gre(' 
of  fnx'dom,  the  full  3D  velocity  div('rg<'nc<'  allows  motion  on  the  ('<piatorial  i)lan(' 
both  in  the  zonal  and  radial  directions  even  if  the  Taylor-Proudman  constraint  is 
fully  applicable.  In  chapters  4-6  we  discuss  in  detail  the  3D  solution,  and  in  chapter  5 
wc  show  how  this  motion  on  the  equatorial  plane  drives  the  equatorial  superrotation. 
In  Figure  3.4  we  show  the  Anelastic  and  Boussinesq  cases  in  2D  and  the  equivalent 
plots  for  the  zonally  symmetric  How  in  3D.  The  left  panels  arc  the  zonal  velocity  and 
right  panels  are  the  meridional  2D  streamfunction  of  the  zonally  averaged  velocity. 
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2D  Anelastic 


2D  Boussinesq 


Figurr  3.4:  Coiiii)aring  2D  aiui  3D  Boussin<'s<i  and  anolastic  models.  Loft  panels  an' 
zonal  velocity  (with  m/.s  values  in  the  colorbar),  and  right  panels  are  the  2D  (r  —  0) 
streamfunetion  (zonally  averaged  fields  for  the  3D  eases).  3D  runs  have  parameters: 
Ha  =  1£7,  Ek  =  1.5£  -  4,  Pr  =  10,  and  2D  runs  Ra  =  1£6,  Ek  =  4£  -  4,  Pr  =  10 
(anelastic)  and  Ra  =  3£G,  Ek  =  1.5£  -  4,  Pr  =  10  (Boussinesq). 


71 


3.3  The  3D  model 


In  chapters  4-6  we  discuss  and  analyze  the  3D  results.  As  a  n'ference  for  tli('  n'st  of  this 
work  in  tins  section  we  present  a  series  of  plots  which  will  be  the  baseline  for  future 
discussion.  To  describe  the  3D  spherical  statistical  steady  state  of  th('  model,  w<' 
present  some  of  the  basic  fields  in  three  orthogonal  slices  on  the  planet:  a  meridional 
(pole-to-pole)  slice  of  the  zonal  mean  flow,  an  (Kjuatorial  360°  slic('  around  the*  plaiK't 
(for  some  runs  we  have  done  only  90°),  and  slices  on  constant  mean  pressure  surfaces. 

The  meridional  extent  of  these  runs  has  bceji  from  latitude  80°.\  to  80°S.  The 
choice  of  not  extending  the  model  to  the  pole  was  based  on  numerical  convenience 
since  the  convergence  of  the  grid  at  the  pole  will  require  more  comp\itation  tinu'.  In 
addition  we  were  more  interested  in  the  equatorial  dynamics  and  therefore  made  this 
choice.  The  depth  of  the  fluid  layer  was  chosen  for  the.se  runs  at  0.55  the  radius  of  the 
planet,  which  corresponds  to  approximately  to  20  Mbar.  In  chapter  2  we  have  shown 
that  beyond  about  100  kbar  the  thermodynamics  beconu'  diffen'iit  than  an  id('al  gas, 
and  therefore  we  are  well  into  that  regime.  Most  previous  models  of  convection  in 
a  deep  shell  put  the  bottom  boundary  at  a  higher  level.  However,  it  has  not  been 
clear  how  much  that  choice  influences  the  results  (in  particular  the  extent  of  the 
superrotation).  Otie  of  the  goals  of  this  work  is  to  study  the'  dynamics  of  a  deep 
system  and  therefore  we  deliberately  push  the  bottom  boundary  deep  even  beyond 
what  is  generally  accepted.  In  section  6.1  we  study  the  dependence  of  the  dynamics 
on  the  location  of  the  bottom  boundary  using  a.  series  of  runs  ranging  from  a  thin 
spherical  shell  to  a  full  3D  sphere.  We  use  slip  boundary  conditions  on  the  bottom 
and  side  boundaries,  and  a  free  surface  on  top. 

All  runs  we  present  here  have  a  1°  resolution  and  a  foctor  of  1.33  in  pressure 
between  each  vertical  level,  with  a  total  of  120  vertical  grid  i)oints,  giving  a  total  of 
160  X  360  X  120  grid  points.  Because  of  the  convection,  the  numerical  time  step  is 
small  (5  seconds)  and  the  runs  typically  require  at  least  5£5  time  steps  to  reach  a 
statistical  steady  state,  beginning  with  a  zero  mean  How  initial  condition  and  small 
randoin  noise.  We  run  typically  on  16  parallel  processors  and  comjnitation  time  for 
such  a  configuration  is  about  6  weeks.  We  found  that  using  only  part  of  the  sphere 
(ty{)ically  ^  of  the  sphere  zonally)  with  periodic  longitudinal  boundary  conditions 
does  not  affect  the  results  much,  and  allows  cutting  computational  time  by  a  factor 
of  4.  Some  of  the  runs  we  show  therefore  will  be  of  a  slice  of  a  fourth  of  a  sphere. 
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Mainly  for  prosoiitatioii  [nirposos  throughout  this  work  wo  uso  tho  uioridioual  and 
zonal  coinpououts  of  tho  vootor  stroanifuuotiou  'I'  to  dosoribo  tho  flow  on  a  2D  shoo. 
Sinco  tho  (luautity  pu  has  zoro  divcrgoiico  wo  can  dofiuo  this  stroanifuuction  as 


V  X  'I'  =  pu. 


(3.14) 


whore  'f'  is  a  3D  vector.  In  component  form  this  gives 
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Duo  to  th('  symnu'try  along  tho  axis  of  rotation,  on  th('  ocpiator  wo  assnmo  tho  change's 
along  th('  axis  of  rotatioti  (which  coincide  with  the  0  direction  along  the  equatorial 
plane)  are  small,  and  then  can  neglect  the  terms  containing  changes  in  the  0  direction 
for  the  ('(inatorial  plane'.  Then,  we  e  an  inte'grato  e'ithor  (3.15)  or  (3.17)  te)  find  We' 
refer  te)  this  meridional  component  as  the  ('quatorial  streamfnnction.  In  Figure  3.11 
w('  show  v<'le)city  ve'ctors  superimposed  on  the  e(|uatorial  stre'amfunction  showing  that 
inte'grating  fre)m  either  (3.15)  or  (3.17)  is  ce)nsistent.  .\s  one  me)ves  away  fre)m  the 
equatorial  plane  this  approximation  becomes  less  aceurate.  For  the  'kr  component  we 
Hnel  that  since  the  motie)n  is  3D,  we  can  not  eh'seribe  'k,  as  a  21)  field.  The  ze)nally 
averaged  values  are  presented  as  the  averaged  un'ridional  streamfuuction 

We  show  in  this  section  results  from  two  runs  which  have  identical  parameters 
except  for  tho  Rayk'igh  nnmbor.  Our  goal  is  to  run  tho  iiuKh'l  in  a  n'ginu'  which  is 
as  turbulent  as  the  numerics  will  allow,  and  therefore  have  a  Rayleigh  number  which 
is  as  high  as  we  can  afford  (also  depends  on  grid  and  time  step),  though  it  is  harder 
to  identify  the  physical  processes  in  those  runs.  Tln'refore  in  section  5.1  w('  study  in 
detail  a  run  with  a  low  Rayleigh  number  which  allows  easier  analysis  of  processes, 
riie  runs  we  pn'.sent  in  this  s('c  tion  have  Ra  numbers  of  5£17  and  3£G  which  wo 
will  refer  to  as  tin'  high  and  mod('rate  Rayleigh  number  runs  respectively.  We  begin 
with  the  high  Rayleigh  number  run,  and  in  Figures  3.5,  3.G,  3.7,  and  look  at  slices 
on  surfaces  of  constant  moan  pressure  (depth)  which  arc  roughly  at  tin'  top  surface. 
0.86,  and  0.59  of  the  radius  respectively  (Ibar,  1  Mbar  and  10  Mbar).  The  fields  are 
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av('rag(’(l  over  a  period  of  1  day.  For  each  surfacx'  wo  look  at.  the  throe  ooiiipoiuaits 
of  velocity,  density  anomaly,  entropy  anomaly,  and  vorticity  (top  surface)  or  pressure 
anomaly  (bottom  two).  Velocity  fields  show  the  effect  of  the  mean  density  with 
smaller  velocities  in  the  interior  and  the  superrotation  at  the  equator  with  a  weaker 
Hadley  cell  in  the  meridional  direction.  The  thermodynamic  fields  show  how  density 
is  strongly  affected  by  pressure  in  the  higher  levels  while  becoming  more  dependent  on 
entropy  in  the  lower  levels.  We  discuss  this  issues  in  section  4.3.2.  Figure  3.8  shows 
the  corresponding  fields  for  the  same  higli  Rayleigh  number  run  on  the  equatorial 
plane,  including  the  ecpiatorial  2D  streamfunction  (flow  in  the  r  -  0  plane),  showing 
cyclonic  eddies  on  the  equatorial  plane.  The  zonally  averaged  meridional  slices  are 
similar  to  the  moderate  Rayleigh  number  runs  (only  with  stronger  velocities),  and 
therefore  we  show  them  for  that  run  only. 

For  the  moderate  Rayleigh  nnmber  runs  we  look  both  at  the  instantaneous  fields, 
and  at  the  time  averaged  fields  averaged  over  12  days.  Beginning  with  the  instan¬ 
taneous  fields  (snapshots)  in  Figures  3.9,  3.10,  3.11  we  show  the  zonally  mean  fields 
on  the  meridional  plane,  the  surface  at  1  bar,  and  the  equatorial  plane  respectively. 
Then  we  show  the  same  slices  for  the  Ibar  surface  and  the  ('(juatorial  plane  without 
repeating  the  meridional  plane  that  is  quite  similar  to  the  instantaneous  fields  because 
of  the  zonal  mean.  In  the  following  chapters  we  discuss  the  features  of  these  runs  in 
more  detail  and  discuss  their  dynamics.  Figures  3.5  -  3.13  follow  below. 
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P'igiirt'  3.5:  1  bar  surface'  fields  avc'ragcd  over  1  day  for  a  high  Rayleigh  miiiiber  run: 
Ha  =  5LT,  Ek  =  l.HE  —  4,  Pr  —  10.  upper  left:  zonal  velocity  |/n/.s|;  upper  middle: 
meridional  velocity  |m/.s|;  upper  right:  vertical  velocity  |m/.s|;  lower  left:  density 
anomaly  \Kg  m~''\;  lower  middle:  converted  entropy  (see  Appendix  A)  anomaly  1A'|; 
lower  right:  vertical  vorticity 
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Figure  3.6:  1  Mbar  surface  fields  (0.86  of  the  radius)  averaged  over  1  day  for  a  high 
Rayleigh  number  run:  Ra  —  bE7,  Ek  =  l.bE  —  4,  Pr  =  10.  upper  left:  zonal  velocity 
|m/.s|;  upper  middle:  meridional  velocity  |m/.s|;  upper  right:  vertical  velocity  |?77,/.s|; 
lower  left:  density  anomaly  \I\gm~^\:  lower  middle:  converted  entropy  anomaly  |A'|; 
lower  right:  pressure  \kbar\. 
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Figure*  3.7:  10  Mhar  surface*  ficlels  (0.50  of  the*  raelius)  ave*rage*el  ovc'r  1  day  for  a  high 
Rayleigh  iiuinbor  run:  lia  =  5E7,  Ek  =  1.5£  — 4,  Pr  =  10.  upper  left:  ze)nal  veleicity 
|m/.s'|;  upi)e*r  middle:  nH'ridie)nal  velexity  |m/.s|;  upper  right:  vertie*al  ve*le)cit.y  |m/.s|; 
le)wer  le*ft:  density  anomaly  |/\  e/m  le)\ve*r  mieldle:  (•e)nverte*el  entropy  anomaly  |/\|: 
lower  right:  pressure  |A^^6fi/  |. 
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Figure  3.8:  Eciuatorial  plane  sliees  averaged  over  1  day  for  a  high  Rayleigh  iiunilx'r 
run:  Ra  —  oE7,  Ek  =  l.bE  —  4,  Pr  —  10.  upper  left:  zonal  velocity  |m/,s|;  upper 
middle:  meridional  velocity  |m/.s|;  upper  right:  vertical  velocity  |m/.s|;  lower  left: 
converted  entropy  anomaly  |A' |;  lower  middle:  density  anomaly  lower  right: 

equatorial  streamfunction  |l/.s'|. 
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Figure  3.9:  Snapshots  of  zoiially  averaged  fields  on  a  meridional  section  for  a  run 
witli  a  moderate  Rayleigh  number:  Ra  =  3E6,  Ek  =  \.oE  —  4,  Pr  —  10.  Upper  left; 
zonal  v('loeity  |m/.s'|;  upper  middle;  meridional  velocity  |m/.s|;  upper  right:  vertical 
vc'locity  |nt/.s|;  low('r  left:  converted  entropy  anomaly  |/\|;  lowi'r  middle:  dcnisity 
anomaly  \I\(jirr^\:  lower  right;  2D  meridional  strcamfunction  |l/.s|. 
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Figure  3.10:  Snapshots  of  fields  at  the  1  bar  surface  for  a  run  with  a  moderate  Rayleigh 
number.  Ra  =  3E6,  Ek  =  1.5F  — 4,  Pr  =  10.  Upper  left:  zonal  velocity  |m/.s'|;  upper 
right:  meridional  velocity  lm/«);  middle  left:  converted  entropy  anomaly  |A'|;  middle 
right:  density  anomaly  \K(jrn~^\\  lower  left:  pressure  anomaly  |bar|;  lower  right: 
momentum  flux  [10“'' 
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Figure  3.11;  Snajjshots  of  fields  on  an  equatorial  section  for  a  run  with  a  moderate 
Rayleigh  number:  Rn  —  3£^G,  Ek  =  l.bE  -  4,  Pr  =  10.  Upf)er  left:  zonal  velocity 
|nt/.s|;  upper  right:  zonal  velocity  anomaly  (subtracting  the  zonal  mean  from  th<' 
zonal  velocity)  |m/<s|;  middle  left:  vertical  velocity  lm/.s|;  middle  right:  2D  equatorial 
streamfunction  jl/.s'l;  bottom  right:  cotiverted  entropy  anomaly  |/\  |;  density  anomaly 
\K(j  in  ’j. 
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Figure  3.12:  1  bar  surface  for  a  run  with  a  moderate  Rayleigh  number  time  averaged 
over  12  days.  Ra  =  3E6,  Ek  =  l.oFJ  —  4,  Pr  =  10.  Upper  left:  zonal  velocity  |m/.s|; 
upper  right:  meridional  velocity  |m/,s|;  middle  left:  converted  entropy  anomaly  |A'|; 
middle  right:  density  anomaly  \K<jrn~^\:  lower  left:  pressure  anomaly  |bar|;  lower 
right:  momentum  flux  |10“^ 
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Figure  3.13;  Ecjuatorial  sections  for  a  run  with  a  moderate  Rayleigh  nuuiher  time' 
averaged  over  12  days:  lia  =  3E6,  Ek  =  1.5£  —  4,  Pr  =  10.  Upper  left:  zonal 
velocity  |77i/,s|;  upper  right:  meridional  velocity  |777,/.s|;  middle  left:  vertical  velocity 
|7/t/.s'|;  middle  right:  2D  equatorial  streamfuiiction  ll/s);  bottom  right:  converted 
entropy  anomaly  |A' |;  vertical  momentum  flux  \nP / s^\. 
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Chapter  4 


Basic  Balances  and  the  Vertical  Wind 
Structure 

4.1  Introduction 

One  of  the  most  fundaniPiital  questions  regarding  the  atinosplieres  of  the  gas  giant 
plaiK'ts  is  how  deep  an'  tlu'  strong  winds  which  an'  ol)serv('d  in  tlieir  atniospla'ic's. 
The  only  direct  observation  is  from  tlie  Galileo  probe,  wliieh  showed  an  inereas('  in 
zonal  velocity  from  80  m/,s-  to  160  /n/.s  down  to  the  4  bar  level,  and  then  a  constant 
wind  speed  for  as  far  down  as  the  data  co>dd  be  retrieved  (the  24  bar  level),  (Atkinson 
('t  al.,  1990).  Beyond  th('  problem  of  having  only  a  single  measurement  profile,  the 
probe'  ('iiten'd  a  "hot-spot"  which  may  not  be  a  good  representation  of  the'  geiK'ral  flow 
(Bagenal  et  ah,  2004).  Other  observational  evidence  for  the  deep  flow  comes  from  the' 
fact  that  the  heat  emission  on  both  .lupiter  and  Saturn  has  a  nearly  uniform  merid¬ 
ional  structure  (Ingersoll.  1976;  Haiu'l  et  ah,  1981,  1983),  suggesting  deep  transfer  of 
heat  (Ingersoll  and  Porco,  1978).  One  of  the  main  goals  of  the  .JUXO  mission  is  to 
put  constraints  on  the  depth  of  the  jets  via  gravity  measurements  (section  8.2.2)  . 
Recently,  Liu  (2006)  put  theoretical  constraints  on  the  possible  extent  of  deep  Hows 
bas('d  on  tin’  ohmic  dissipation  created  by  the  zonal  Hows  in  an  electrically  conducting 
fluid  by  the  magnetic  field.  They  suggest  that  if  the  zonal  Hows  in  the  interior  would 
be  as  strong  as  they  are  on  the  surface,  and  the  magnetic  field  can  also  be  (h'duced  by 
the  surface  values,  then  the  zonal  winds  could  not  penetrate  more  than  0.95  and  0.87 
of  the  radius  on  .lupiter  and  Saturn  respectively.  In  this  study  w('  do  not  inclmh'  the 
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effect  of  the  magnetic  field;  hovveven'  vve  show  that  even  without  the  magiH'tic  field 
acting  to  dissipate  the  flow  in  the  interior,  we  do  not  expect  to  find  interior  velocities 
as  large  as  the  atmospheric  ones,  based  only  on  the  big  increase  in  density  between 
the  outer  atmosphere  and  the  interior. 

In  this  chapter  we  attempt  to  address  the  question  of  the  deej)  velocities  using 
our  numerical  model.  Previous  models  could  not  address  this  issue  since  they  were 
either  shallow  type  models  (e.g.  Clio  and  Polvani,  1996;  Showman  et  ah,  2006)  or 
deep  models  that  were  restricted  to  the  Boussinesq  approximation  (Sun  et  ah,  1993; 
Zhang  and  Schubert,  1996,  1997;  Aurnou  and  Olson,  2001).  For  example  Heimjiel 
et  ah  (2005)  and  Heirnpel  and  Aurnou  (2007)  show  superrotating  equatorial  zonal 
flow,  with  higher  latitude  meridionally  confined  jets  in  a  Boussinesq  model  which 
goes  down  to  0.9  of  the  [ilanetary  radius.  The  zonal  velocities  persist  throughout 
the  de])th  of  the  planet,  and  the  meridional  extent  of  the  ecpiatorial  superrotating  jet 
depends  on  the  location  of  the  bottom  boundary.  Clearly  for  addressing  the  baroclinic 
structure  of  the  zonal  winds  we  want  allow  density  variations  over  the  depth  of  the 
planet.  Using  both  an  anelastic  model  and  a  suitable  equation  of  state  allows  us  to 
address  this  issue  more  thoroughly.  We  tiy  to  d('coui)le  our  results  from  tlu'  choic(' 
of  the  location  of  the  bottom  boundarj’  and  therefore  push  it  deep  below  what  is 
believed  to  be  the  boundary  of  the  molecular  fluid  (we  experiment  with  the  bottom 
boundary  location  in  section  6.1).  We  find  the  compressibility  effects  very  important 
in  understanding  the  vertical  wind  structure. 

As  discussed  in  the  introduction,  based  on  emission  measurements  and  on  ID  ra¬ 
diative  theoretical  models  it  is  believed  that  the  deep  atmosphere  is  in  a  convectiv(' 
state  (Guillot,  2005).  .4  common  assumi)tion  is  that  if  the  interior  is  convective  it  is 
close  to  a  purely  barotropic  state.  This  is  based  on  the  assumption  that  convection 
causes  uniform  mixing  limiting  the  density  variations  across  pressun;  surfaces.  We 
note  two  things:  First  convection  tends  to  form  plumes  meaning  that  even  if  the  at¬ 
mosphere  is  driven  by  strong  convection  since  the  regions  of  strong  upwelling  plumes 
tend  to  be  very  localized  (Lindzen,  1977),  much  of  the  atmosphere  may  be  slightly 
stably  stratified  with  small  regions  of  convcctivcly  unstable  plumes,  and  the  atmo¬ 
sphere  can  still  have  horizontal  density  gradients.  Second,  the  density  anomalies  are 
not  just  a  function  of  entropy  or  heat  anomalies,  but  also  in  an  anelastic  system  are 
affected  by  the  compressible  effects,  thus  giving  a  significant  baroclinic  contribution. 

In  this  chai)ter  we  begin  by  looking  at  the  basic  balances  showing  that  to  first  or- 
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(l('r  th('  motion  is  goostropliic  and  liydrostatic.  Then  we  show  how  th('  thermal  wind 
relation  is  revised  when  considering  a.  deep  atmosphere  rather  than  one  restricted 
to  a  spherical  shell.  Incorporating  the  aiiolastic  approximation  the  vorticity  equa¬ 
tion  highlights  the  importance  of  the  baroclinic  contributions,  which  are  not  small 
for  a  compressible  gas.  In  the  barotropic  limit  the  system  will  still  give  the  Taylor- 
Proudnian  constraint,  but  this  is  a  more  specific  case  than  it  appears  for  a  Boussinesq 
fluid.  We  show  that  anelastic  models  must  have  density  de|)ending  on  two  thermo¬ 
dynamic  variables  and  otherwise  can  be  misleading.  We  show  how  convection  drixes 
th('  syst('m  away  from  a  barotropic  stat(\  and  thus  away  from  the  Taylor-Proudman 
constraint.  The  convectively  driven  How  in  steady  state  is  in  a  state  in  between  hav¬ 
ing  Taylor  columns,  with  the  zonal  velocity  being  constant  along  the  direction  of  the 
rotation  axis,  to  constant  niomentum  {pu)  along  this  direction.  The  baroclinic  contri¬ 
butions  therefon'  set  the  vertical  shear,  and  in  s('ction  4.7  we  proceed  to  parametrize' 
the  shear  of  the  zonal  How  using  scaling  arguments.  W'e  show  the  details  of  the  interior 
circulation  including  the'  formation  of  large'  scale  columnar  strue*ture's  which  have  be'eai 
sugge'ste'd  in  qualitative  studie's  (Russe,  1976).  The'se  e*olumnar  strueUures  surre)unel 
the'  intc'i'ior  e*ore'  anel  have'  ve)rtie*ity  in  the'  same'  se'iise'  as  the  me'an  she'ar.  We  analyze' 
the  angular  me)mentuni  and  heat  Hux  buelgets  and  she)w  the  re)les  e)f  eddy  and  mean 
Huxes  in  elriving  the  circulation.  We  finel  that  the  zonal  asymmetries  anel  angular 
momentum  e'elely  Huxe's  play  an  imi)e)rtant  role  in  transpe)rting  angular  momentum  te) 
the'  e'eiuator  anel  forming  the  e'e|uate)rial  superre)tating  zonal  He)ws. 

4.2  Basic  Balances 

Givon  t.h('  sot  of  iiiodol  oejuations  (2.7),  (2.8),  (2.9),  (2.10),  (2.28)  and  (2.47),  and  tho 
solutions  i^rcsontod  in  section  3.3  \vc  begin  by  looking  at  the  leading  order  balances 
in  tlie.se  solutions.  These  balances  are  ini|)ortant  for  understanding  the  key  physical 
nieiTanisnis  in  the  flynainics  and  for  further  analysis  when  developing  theories  with 
higher  order  expansions.  Beginning  with  the  zonal  inonientuin  balance,  for  small 
Rossby  and  Ekinan  nunilxus  the  leading  order  terms  in  the  momentum  ecpiations 
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Figure  4.1:  Goostrophic  balanco:  the  two  plots  on  the  loft  show  the  goostrophic 
balance'  for  the  zonally  averaged  fields  (meridional  section)  and  tlu'  diffen'iice'  b('tw('<'n 
them  is  shown  on  the  right. 


(2.8-2.10)  give 


2D  sin  9v  +  2D  cos  9w  = 

1  dp' 

Jyr  cos  9  36 

(4.1) 

1  dp' 
pr  39 

(4.2) 

—2Qcoii0u  = 

1  dp'  p' 

pdr  J)-' 

(4.3) 

where  all  variables  and  coordinates  are  the  same  as  defined  in  chapter  2.  Density  and 
pressure  have  been  expanded  as  in  (2.1  and  2.2)  to  a  mean  horizontally  independent 
hydrostatic  part  and  an  anomaly.  Note  that  we  are  using  the  standard  form  of  the 
vertical  tnomentnm  equation  and  not  the  ecjnivalent  anelastic  form  with  the  revis('d 
gravity  term  as  in  (2. 20).  As  discussed  in  section  2.2  in  the  deep  system,  apriori 
all  four  Coriolis  terms  contribute  to  the  geostrophic  balance.  Here  we  show  that 
indeed  this  is  the  case.  The  numerical  results  presented  here  are  from  3D  runs  at  a 
1°  resolution  and  120  vertical  levels  extending  to  0.55  the  rmiius  of  the  planet.  The 
pressure  variation  is  from  1  bar  in  the  ui)per  level  to  12  Mbars  in  the  interior  with  a 
pressure  increase  of  ratio  1.33  between  vertical  levels.  Rayleigh,  Prandtl  and  Ekinan 
numbers  as  defined  in  (2.53)  are  bE7,  10  and  l.bE  —  4  respectively.  In  Figure  4.1 
wo  show  that  to  the  first  order  the  flow  is  in  geostrophic  balanco;  thus  the  pressure' 
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Figure'  4.2:  Hydrostatic  balance':  left:  buen'aue  v  te'nii;  iiiielelle'-le'ft:  raelial  pre'ssure' 
graeliont;  inieldlo-riglit:  diffcronco  between  the  panels  on  the  right;  right:  vertical 
Ce)rie)li.s  term 


gradients  are  in  balance  with  the  Coriolis  term  in  eejuatioii  4.2.  In  (4.1)  the  zonally 
ave'tage'el  (a)rie)lis  te'rms  balance'  each  other.  The  age'ostre^phic  ee)ntribntie)iis  te)  the' 
me)mentnm  ecjiiatie)!!  are  an  e)rder  e)f  magnitude  smaller  and  are  elenninate'el  by  the' 
convection,  which  gives  the  signature  of  plumes  aligned  with  the  axis  of  rotation 
as  she)wu  in  se'e  tie)n  3.1.1  for  the  2D  ease  aiiel  will  be  elisetisse'el  later  eui  fe)r  the'  3D 
e  ase.  This  implie's  that  for  the  parameter  regime  erf  .Jeipiter  the  asseimptiern  erf  a  small 
Rossby  number,  which  will  be  used  in  later  analysis  is  valiel. 

Ne'xt  we  lerok  at  the  vertical  momentum  balance.  In  the  traelitiernal  shallerw  tyire 
syste'in  the  leading  erreh'r  balance  werulel  be  betwee'ii  the  vertie  al  pressure  gradient  anel 
beieryane  y  giving  hyelrerstatie-  balance  (be'yernel  the  higher  erreler  biusie-  state  hyelrerstatie- 
balance'  ^  Herwever  due  ter  the  large  aspee  t  ratier,  the  Cerrierlis  ae-e-eleratiern 

in  the  vertieal  momentum  balance  is  not  negligible.  In  Figure  4.2  we  show  that  the 
elifierence  betwee'u  the'  hyelrerstatie-  terms  is  almerst  e'xactlv  the  vertieal  mermentum 
e'quatiern  Cerrierlis  te'rrn.  This  verifies  that  (4.3)  is  indeed  the  leading  order  balaiu'c. 
This  is  important  when  looking  at  thermal  wind  balance  for  the  eleep  system  which 
we  eler  in  the'  lu'xt  see  tiern.  I'lierefore'  we  refer  to  the  basic  balance  being  ge'erstrerphic 
anel  hydrerstatie-  but  unlike  the  elassie-  shallerw  fluid  case  it  inelude's  the  nern-negligible' 
vertical  Coriolis  term. 
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4.3  The  Vertical  Structure  of  the  Zonal  Velocity 


4.3.1  Thermal  Wind  for  a  Deep  Anelastic  Setting 

Wo  hogiti  by  rovisiting  tlio  tli('nnnl  wind  relation  for  a  deep  atniospln'ro.  As  discnssc'd 
in  section  4.2  unlike  the  traditional  approximation  the  aspect  ratio  between  vertical 
and  horizontal  scale  is  not  small,  and  therefore  the  Coriolis  term  in  the  vertical 
('quation  and  the  one  associatefl  with  vertical  motion  in  the  zonal  equation  are  not 
negligible.  We  are  interested  in  the  effect  of  the  Coriolis  terms  and  the  density  gradient 
on  the  velocity  structure.  Taking  the  radial  derivative  of  (4.2)  and  using  (4.3)  gives 


dr 


9  9p' 

2ilrJ)smO  06 


1  dp 

-TTlI 

p  dr 


(4.4) 


More  information  would  be  needed  to  get  independent  expressions  for  the  vertical 
and  latitudinal  velocity  gradients,  but  noting  that  the  direction  parallel  to  the  axis 
of  rotatioji  is  given  by 


dz 


.  ^d  \  d 

sin^—  +cos(9-  — 
dr  r  06 


(4.5) 


we  can  write  the  zonal  velocity  gradient  in  the  direction  parallel  to  the  rotation  axis 
as 


du 

Tz 


9  dp' 
2ilrp  06 


u  dp  I  dp 
—  COS0-—  -  -  — (i,sm0. 
p/r  06  p  dr 


(4.6) 


This  expression  includes  non  orthogonal  derivatives,  unlike  the  standard  approxi¬ 
mation  (Pedlosky,  1987)  which  is  sufficient  for  a  shallow  syst('m  when'  th('  shear  is 
associated  with  the  perpendicular  density  gradient.  In  addition  the  zonal  velocity 
gradient  has  contributions  from  both  the  vertical  and  latitudinal  density  gradients. 
Note  that  all  terms  on  the  right  hand  side  have  the  mean  density  in  tin*  denominator. 
If  density  gradients  driven  by  the  internal  convection  have  roughly  the  same  scale  on 
the  top  and  bottom  of  the  deep  atmosphere,  while  the  density  is  much  bigger  at  the 
bottom  rather  than  on  top,  one  may  expect  a  stronger  vertical  slnvrr  on  top  than  at 
the  bottom.  We  look  at  this  more  in  detail  in  section  4.7  and  show  a  parametriza- 
tion  for  the  shear  based  on  scaling  arguments  which  we  compare  to  the  numerical 
results.  Scaling  the  terms  in  (4.6)  shows  that  the  second  term  on  the  right  hand  side 
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is  ail  onlf'r  ^  siiialli'r  t  han  tlir  otlirr  ti'rnis.  TIkmi  tlio  loading  ordor  halaiico  Ix'coiiios 
approxirnatoly 


da  (f  Of)'  I  dp  . 

ih  = 


(4.7) 


riiondbro  tlio  slioar  in  tlio  diroction  of  tlio  rotation  axis  is  coniposi'd  of  tlio  iiK'iidional 
fli'iisitv  anomaly  gradient  and  the  vortical  moan  density  gradient.  In  section  4.3.2  \v(' 
show  numerically  how  each  of  these  varies  spatially. 


4.3.2  The  Role  of  Compressibility  in  the  Baroclinic  Vorticity 
Production 

Another  way  of  obtaining  balance  between  the  zonal  velocity  and  the  density  gradients 
would  b('  to  take  directly  the  curl  of  the  3D  momentum  e(iuation  multi|)lied  by  tin' 
full  density  p  giving 


■inv  ■  (pu)  -  ‘in  ■  V  (/;u)  =  Vp  X  ff.  (4.8) 

1  hen,  assuming  the  density  has  a  mean  horizontally  independent  hydrostatic  part 
and  a  smaller  anomaly  (2.1),  and  applying  the  anelastic  approximation  (2.5)  gives 

‘in  ■  V  (Jm)  =  Vp  X  </  (4.9) 

whi(  h  is  similar  to  (4.7).  In  tiu'  Bonssiiu'si}  limit  this  gives  tlu'  standard  tln'inial  wind 
n'lation.  Note  that  if  the  right  side  would  vanish  this  would  not  be  the  barotropic 
limit,  since  in  the  barotropic  limit  the  cross  product  of  the  full  density  and  full  pressure 
vanishes,  lb  see  the  barotropic  limit  we  rewrite  tin'  right  hand  side  of  (4.9)  as 

Vp  X  o  =  X  Vp  —  z Vp  X  Vp.  (d.lO) 

P  P 

when'  we  have  split  both  density  and  pressure  into  a  hydrostatic  part  and  a  srnalk'r 
anomaly  (2.1,  2.2).  In  the  barotropic  limit  the  second  term  on  the  right  hand  side  of 
(4.10)  is  identically  zero,  and  for  a  gi'ostrophically  balanced  Huid  the  first  ti'rm  would 
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giv<' 


1  1 

-VpxVp  =  X  X  u)  =  uV/?  ■  212  -  •  u)  (^'H) 


Using  the  anelastic  approximation  and  expanding  the  right  hand  side'  of  (4.8)  with 
(4.11)  gives 


2<2p  •  Vu  —  2<2pV  •  u  =  0 


(4.12) 


which  is  the  classic  Taylor-Proudnian  theorem  for  a  harotropic  fluid  (Pedlosky,  1987). 
Thus  if  the  fluid  is  harotropic  we  would  expect  that  the  zonal  velocity  is  independent 
of  the  direction  parallel  with  the  rotation  axis  and,  if  tin'  fluid  is  also  Boussinesq  we 
expect  that  the  full  velocity  vector  is  independent  of  this  direction.  Wc  are  interested 
though  in  going  away  from  these'  two  limits  and  study  the  role  of  tlu'  haroclinic  effects 
in  an  anelastic,  fluid  driven  by  convection.  The  convection  would  drive  the  density 
gradients  away  from  zero,  and  the  level  of  baroclinicity  will  set  how  far  we  arc  from 
the  Taylor-Proudman  theorem  n'gime.  The  baroclinic  form  of  (4.12)  can  be  seen  by 
taking  the  curl  of  the  momentum  equation  (without  multiplying  by  the  density  first) 
giving 

2Qj)  ■  Vu  -  2f2pV  •  u  =  —3  [V/l  X  V//  +  V//  x  V/;] .  (4.13) 

Expressing  the  density  in  terms  of  pressure  and  entropy  as  in  (2.20) 


Vp  {p,  .s)  = 


(4.14) 


allows  rewriting  the  vorticity  e<iuation  (4.13)  for  an  adiabatic  reference  state  to  the 
highest  order  as 


2Qp  ■  Vu  -  2QpV  ■  u  =  V6'  X  Vp  =  V.s-'  x  g.  (4.15) 

Hence,  equations  (4.9)  and  (4.15)  give  two  equivalent  forms  of  the  vorticity  equa¬ 
tion  where  the  baroclinic  terms  are  given  once  in  terms  of  th('  (h'lisity  gradients,  and 
once  in  terms  of  the  entropy  gradients.  We  have  shown  in  chapter  2  that  for  an  anelas- 
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Figiirr  1.3;  Tlio  coiitrihiitioiis  of  entropy  and  pressure  to  tin*  density  anomaly  and 
shear,  left:  the  entro|)y  anomaly  contribution  to  (4.17),  middle:  the  pressure  anomaly 
eontrihntion  to  (4.17);  right:  the  density  anomaly  eontrihntion  (equal  to  the  sum  of 
the  two  left  i)anels  -  e(|nation  4.14). 


tie  and  adiabatic  fluid  the  buoyancy  naturally  is  given  in  terms  of  entroiw  rather  then 
density  (since  the  background  density  is  varying  while  th<'  ('iitropy  is  not).  I  hendon' 
this  form  of  the  vortieity  e<ination  is  consistent  with  the  barot topic  limit  where  the 
right  hand  side  vanishes.  However,  while  in  a  Boussinesq  fluid  the  velocity  divergence 
will  vanish  as  well  giving  the  standard  Taylor-Prondtnan  theorem  in  the  anelastic 
case  it  will  not  and  therefore  tin*  velocity  gradient  will  depend  on  the  compn'ssibility. 

To  understand  the  role  of  the  pressure  gradient  from  (4.14)  in  (4.9)  we  consider 
only  the  zonal  component  of  (4.9)  and  (4.15).  so  that 


2!!|  (r«) 


ag  df>' 

VdO 

ag  d.s'  ^  fig  dp' 


30 


30 


(4.1(1) 

(4.17) 


where  rv  and  3  <ire  the  isentropic  and  isob:\ric  coefficients  in  (4.14),  which  are  defined 
explicitly  in  (2.20).  Therefore  subtracting  (4.16)  from  (4.17)  shows  that  the  relation 


r  30 


(4.18) 


must  hold.  This  means  that  the  [)ressure  contribution  to  the  density  anomaly  accounts 
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Figure  4.4:  Tlie  vorticity  equation  balance 


for  tlie  variation  in  the  incan  density.  Expression  (4.17)  then  suggests  a  few  possible 
situations:  if  the  contribution  of  (4.18)  to  the  right  hand  side  of  (4.17)  is  small,  then 
the  zonal  velocity  gradient  would  depend  on  the  derivative  of  the  entropy  anomalies. 
In  the  barotropic  limit  this  would  give  the  standard  invariance'  of  u  in  tlu'  direction 
parallel  to  the  axis  of  rotation,  similar  to  the  barotropic  Boussinesq  case.  However 
if  the  eontribution  of  (4.18)  is  not  small  then  compressible  effects  are  important  and 
the  system  becomes  different  from  the  barotropic  case.  In  a  particular  case  where  the 
two  terms  on  the  right  hand  side  of  (4.17)  cancel  each  other  then  we  expect  the  zonal 
momentum  {pu)  to  be  constant  along  the  z  axis. 

Wo  find  that  in  statistical  steady  state  of  our  numerical  simulations  the  system  is 
in  a  state  in  between  these  two  extreme  scenarios  and  that  this  level  of  baroclinicity 
depends  greatly  on  latitude.  In  Figure  4.3  we  look  at  each  of  the  terms  in  the  vorticity 
equation  to  see  its  relevant  contribution  in  (4.17).  We  can  see  that  the  contribution 
of  pressure  anomalies  is  large  especially  around  the  upper  boundary  while  entropy 
contribution  is  larger  in  the  interior.  This  is  seen  clearly  also  in  Figures  3.5,  3.6  and  3.7 
which  are  surface  slices  taken  roughly  at  the  top  middle  and  bottom  of  the  atmosphere. 
Near  the  top  density  anomaly  is  strongly  influenced  by  the  pressure  anomalies  while  in 
the  interior  density  anomalies  are  influenced  by  the  entropy  anomalies.  If  we  would 
not  have  inchided  the  pressure  variation  contribution  to  density,  then  the  density 
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Figure  4.5:  Tlie  zoiially  averaged  zonal  velocity  for  a!i  Anelastic  run  (left)  and  a 
Boussines(i  run  (right).  Runs  differ  in  Rayleigh  number  :  Ha  =  3£.6  for  .Vnelastic 
and  IE7  for  Boussinesq  whore  Ek  =  l.oE  —  4  and  Pr  =  10.  (Figure  3.4  shows  a 
similar  plot  with  same  Rayleigh  numbers  for  both  runs). 


represented  oidy  by  entropy  anomalies  will  not  be  balancing  the  compressible  part  of 
the  term  on  the  left  hand  side  of  4.17.  In  a  case  of  small  entropy  anomalies  this  will 
h'ad  to  ajjpearance  of  having  />(/  close*  to  constant  along  the  direction  of  tin*  rotation 
axis.  Therefore  we  conclude  that  the  pressure  contribution  is  crucial  when  using  the 
anelastic  approximation.  In  a  Boussinesc)  system  where  the  systc'm  has  a  constant 
mean  eh'nsity  the*  [)erturba.tion  can  be  described  by  oidy  the  ('iitropy. 

In  order  to  understand  the  zonal  velocity  vertical  structure  wo  should  look  at  how 
th('  (h'lisity  contributions  above  contribute  to  tin*  difien'iit  components  of  ecpiations 
4.9  and  4.15.  First  we  note  that  looking  at  the  two  right  panels  in  Figure  4.4  shows 
that  relation  4.9  holds  as  we  ex[)ect  for  a  small  Rossby  number.  Then  breaking  this 
balance  into  its  compoiKuits  on  the  two  left  hand  side  panels  in  Figure  4.4  shows 
that  at  low  latitudes  the  ^-shcar  of  the  zonal  velocity  itself  is  smaller  than  at  high 
latitudes,  but  at  the  higher  latitudes  where  the  c-shear  of  zonal  velocity  is  larger  it  is 
accompani('d  by  a  coinpensating  shear  in  p  leading  to  a  partial  cancellations  of  these 
two  contributions. 
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4.3.3  Anelastic  versus  Boussinesq  Cases 


The  importance  of  the  anelastic  effects  arc  demonstrated  in  Figure  4.5  where  we 
compare  two  similar  runs  one  anelastic  and  one  Boussinesq.  The  anelastic  case  has 
the  density  varying  from  0.15  Kg/ni^  at  the  top  level  (at  1  bar  of  pressure)  to  198.3 
I\g/rn'^  at  the  bottom  level  (Figure  2.4),  while  the  Boussinescj  case  is  set  so  that  the 
mean  density  is  constant  and  equal  to  the  weighted  averaged  density  of  the  anelastic 
case  (921  Kg/rn'^).  In  this  case  Anelastic  and  Boussinesq  experiments  have  similar 
magnitudes  of  their  zonal  velocity.  In  Figure  3.4  we  show  similar  3D  ex[)erinients 
where  the  anelastic  and  Boussinesq  runs  have  exactly  the  same  parameters.  For  the 
Boussinesq  runs  since  the  mean  density  docs  not  depend  on  pressure  the  density 
anomaly  is  just  a  function  of  entropy  and  not  of  pressure.  In  Figure  4.5  we  look  at 
meridional  slices  comparing  the  zonally  averaged  zonal  velocity  fields. 

Both  runs  have  a  similar  velocity  structure  at  the  surface;  however  while  th(' 
Boussinesq  run  is  barotropic.  (in  the  x:  direction)  with  strong  velocities  in  the  interior, 
the  anelastic  case  has  strong  baroclinicity  near  the  surface  with  strong  shears  at  mid 
and  high  latitudes  with  a  weaker  baroclinic  structure  (though  still  not  barotropic) 
closer  to  the  equator.  The  meridional  extent  of  the  superrotation  is  similar  in  both 
cases.  To  look  at  the  baroclinic  structure  along  the  x:  axis  more  specifically  we  look  at 
velocity  sections  along  the  xr  axis  for  two  runs  of  similar  Rayleigh  numbers.  In  Figure 
4.6  each  section  is  named  by  the  latitude  in  which  it  outcrops  at  the  surface. 

4.4  The  Angular  Momentum  Balance 

In  section  4.2  we  showed  that  to  the  leading  order  in  the  zonally  averaged  zonal 
momentum  equation  the  vertical  and  horizontal  Coriolis  terms  would  balance  each 
other.  Next  we  look  at  the  dynamical  balances  of  the  zonally  averagc'd  zonal  momen¬ 
tum  equation.  We  divide  the  zonal  velocity  into  a  zonal  mean  and  a  deviation  from 
that  mean  denoted  by 


'll  =  u  +  u' . 


(4.19) 


Then  to  the  leading  order 


dJi.  uw  uv  ,, 

—  H - tan  0  —  2il  sm  Ov  +  2D  cos 

at  r  r 


+  - V- (v/pu) (pv//u')  =  (4.20) 

P  P 
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Figure  4.C:  Zonally  averaged  zonal  velocity  for  Aiielastic  and  Bonssitiesq  runs  along 
slices  |)arallel  to  the  axis  of  rotation.  Each  slice  goes  from  the  surface  (denoted  by 
the  latitude)  to  the  equatorial  plane. 


where  zonal  averaging  is  denoted  with  the  bar.  Beyond  the  lowest  order  geostrophic 
balance  between  the  Coriolis  terms  in  (4.20)  as  implied  by  (4.1),  we  find  looking  at 
the  numeric  values  that  to  the  next  order  the  leading  terms  are  the  eddy  momentum 
flux  diverg(mc('  and  tlu'  viscous  flux  so  that 


-2^  ?  sin  Ov;,  +  h-os  +  ■  {fm'u') 


(4.21) 


where  we  denote  with  the  subscript  the  next  order  component.  Since  the  variations 
along  the  axis  of  rotation  are  small,  then  when  looking  on  tlie  equatorial  plane  (the 
('quatorial  line  in  the  zonally  averaged  picture)  the  leading  order  balance  is 


7,^ 


t/  d’^  {r^u) 

■f.-2  Qj.2 


(4.22) 


wliere  in  fact  only  the  higher  order  viscosity  derivatives  are  significant.  In  Figure  4.7 
we  show  both  components  of  the  momentum  flux  divergence  for  a  section  along  the 
('cpiator.  It  shows  that  the  momentum  flux  divergence  is  dominated  by  the  radial 
fluxes.  The  momentum  fluxes  are  outward  and  big  in  a  localized  region.  This  mo- 
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Figure  4.7:  The  radial  and  latitudinal  (dashed)  contributions  to  the  zonal  nionientuni 
flux  divergenco  as  function  of  radius  at  the  equator. 

nientuin  transfer  is  the  basis  for  understanding  the  circulation  of  the  model  and  the 
formation  of  the  equatorial  superrotation.  We  discuss  this  further  in  section  5.1. 

It  is  convenient  to  rewrite  equation  (4.20)  in  terms  of  the  angular  momentum 

A/  =  ilr^cns^B  +  iircosO  (4-23) 

so  that 

^  +4V  •  (/mlT)  +  4V  •  (4.24) 

where  we  have  split  the  angular  momentum  into  a  perturbation  and  a  zonal  mean. 
Integrating  this  equation  multiplied  by  the  mean  density  over  a  volume  contained 
by  the  exterior  surface  and  a  constant  angular  momentum  surface  (which  is  nearly 
parallel  to  the  axis  of  rotation  because  of  the  dominance  of  the  first  term  in  A/),  will 
cause  the  contribution  from  the  mean  fluxes  to  vanish  since 


Therefore  in  steady  state  friction  is  necessary  to  balance  the  angular  momentum  eddy 
fluxes.  This  also  shows  that,  for  the  2D  case,  no  mean  zonal  circulation  can  form. 
For  the  3D  case  only  eddy  angular  momentum  fluxes  can  carry  angular  momentum 
cross  mean  angular  momentum  contours  (although  locally  mean  fl\ixes  can  do  so  as 
well).  Considering  the  meridional  plane  streamfunction  shown  in  Figure  3.4  the  fact 
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Figure  4.8:  Angular  luoiiientuni  (loft)  and  heat  (right)  iiiean  (rod)  and  eddy  (blue) 
fiuxos  in  a  nioridional  cross  section. 

that  the  zonally  avoragod  (or  2D)  nioridional  circulation  is  confined  to  narrow  bands 
along  the  axis  of  rotation  is  related  to  the  fact  that  the  mean  circnlation  can  not 
cross  angular  nioinentum  contours  which  are  parallel  to  the  axis  of  rotation.  The 
width  of  tlii'se  bands  will  be  related  tlK'rc'fore  to  the  magnitude  of  the  viscosity,  and 
we  expect  that  in  the  limit  of  small  Ekman  number  these  convective  mean  meridional 
circulation  liands  will  become  narrower.  Comparing  the  angular  momentum  mean 
Hnxes  (without  the  solid  body  component  of  .\/),  to  the  angular  momentum  eddy 
fluxes  in  Figure  4.8,  w('  find  that  while  the  mean  fluxes  transfer  angular  momentum 
mainly  parallel  to  the  mean  angular  momentum  contours,  the  eddy  fluxes  transport 
the  angular  momentum  across  mean  angular  momentum  contours  to  low  latitudes. 
Tliis  mechanism  is  most  prominent  in  the  region  outside  the  tangent  cylinder  where 
the  large  scale  columnar  structures  interact  with  the  mean  shear.  This  transfer  of 
angular  momentum  through  the  turbulent  fluxes  to  the  equatorial  outer  regions  of 
the  planet  drives  the  e<iuatorial  surfoce  superrotation.  We  discuss  this  mechanism  in 
chapter  5. 

The  right  hand  panel  shows  the  equivah'iit  eddy  heat  and  mean  heat  fluxes.  .\s 
opposed  to  the  angular  momentum,  there  txre  strong  heat  fluxes  also  in  high  latitudes. 
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Figure  4.9:  The  zonal  (hhie),  meridional  (red)  and  vertical  (green)  zonally  averaged 
surface  velocities  for  a  rnn  with  parameters:  Ha  =  1E7  ,  Ek  =  Tof  — 4  and  Pr  =  10. 
The  dashed  line  is  the  normalized  mean  angular  monicntum. 

This  transfer  of  heat  niainly  parallel  to  the  rotation  axis  moves  heat  from  lower  to 
higher  latitudes  (a  section  parallel  to  the  rotation  axis  ontcroj)s  in  a  higher  latitude  in 
the  upper  boundary  tlian  in  the  lower  boundary).  Tltis  results  in  heating  of  the  polar 
regions.  VVe  hypothesize  that  this  mechanism  of  heat  transport  to  higher  latitudes  by 
internal  mean  heat  fluxes  parallel  to  the  axis  of  rotation  can  balance  the  solar  heating 
resulting  in  the  observed  flat  emission  on  .Jupiter  and  Saturn.  Figure  4.9  shows  the 
zonally  averaged  surface  velocities  and  normalized  mean  angular  momentum.  At  low 
latitudes  we  find  a  Hadley  cell  (weaker  than  the  zonal  flow)  whicli  is  driven  by  the 
equatorial  upwelling  seen  in  Figure  4.8.  Exterior  to  the  tangent  cylinder  containing 
the  eddy  angular  momentum  flux  convergence  we  find  an  inverse  meridional  cell  (sur¬ 
face  flow  away  from  the  pole),  which  is  a  surface  return  flow  driven  by  the  poleward 
heat  Hux.  The  latitude  where  eddy  angular  momentum  fluxes  are  zero,  meaning  that 
the  mean  surface  zonal  velocity  is  zero,  is  also  where  the  meridional  surface  flow  van¬ 
ishes  due  to  the  relation  between  the  meridional  velocity  and  the  eddy  Hux  divergence 
(4.21). 

4.5  The  Effect  of  Rotation 

\\v.  have  seen  that  for  the  parameter  regime  of  .Jupiter  and  Saturn  Rossby  numbers  arc' 
small  and  therefore  rotation  is  important  in  the  basic  balances.  In  the  2D  Boussinesq 
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Figurf'  4.10:  Tlu*  ratio  and  the  valuo  of  as  a  futiction  of  tlio  rotation  poriod. 


runs  \v('  liavo  shown  that  tlir  ratio  of  ^  is  an  important  inoasun'  for  charactori/ing 
tlie  flow.  For  tho  anolastic  case  due  to  having  a  mean  state  with  a  d('nsity  gradi('nt 
tlic  huoyancv  frequency  is  defined  in  terms  of  entropy.  VV'e  sliow  this  by  differentiating 
the  linear  non-rotating  ease'  of  ecpiation  (2.26)  in  time,  which  gives 


d'^w  ds'dT 


df^  Or  Or 


where  we  have  used  relation  (2.28)  as  well.  Therefore  for  the  auelastic  system  the 
('(piivah'nt  to  tin*  traditional  Brunt-Vaisala  fn'cpiency  is 

.•2 

'  ~  dr  dr  ■ 

Since  in  (2.26)  the  temi)eratur('  gradient  replacc'd  gravity,  and  we  have  shown  that 
entropy  rather  then  density  is  the  natural  variable  for  buoyancy  in  the  aiielastie  sys¬ 
tem,  then  this  buoyancy  frecpiency  is  the  natural  outcome.  For  the  convective  syst('m 
however  this  value  becomes  negative.  In  tlie  2D  system  convection  was  concentrated 
in  sp<'cific  n'gions  and  therefore  for  most  cases  the  mean  wlnm  averaged  ov('r  the 
wliole  domain  was  still  positive,  however  for  the  3D  experiments  sliown  here  tlie  mean 
is  negative.  Still,  the  absolute  value  (although  not  a  buoyancy  frequency)  gives 
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Figure  4.11;  The  noiidiinensioiial  number  x  =  function  of  the  rotation 

period  and  the  mean  zonal  velocity  at  the  surface  averaged  around  the  equator  as 
function  of  the  rotation  period  for  a  set  of  experiments  with  equal  parameters  but 
varying  rotation  period  Ro,  =  3E6,  Pr  =  10. 

a  good  measure  for  the  intensity  of  the  convection.  In  Figure  4.10  we  show  a  set  of 
experiments  where  we  vary  the  rotation  period  for  a  given  model  configuration.  We 
hud  that  the  value  of  |A’^|  grows  (even  though  the  Rayleigh  number  is  kept  constant) 
w'ith  faster  rotation  period,  but  decreases  as  the  rotation  period  grows,  and  to 
a  reasonable  approximation  when  is  less  than  one  the  flow  is  no  longer  aligned 
with  the  rotation  axis.  When  >  1  the  flow  is  aligned  with  the  rotation  axis. 

As  discussed  in  section  3.1.1  a  similar  measure  wdiich  is  better  dehned  in  terms  of 
convection  and  uses  the  nondimeiisional  parameters  of  our  system  is 

To,  ■  P  r 


In  Figure  4.11  we  plot  this  parameter  as  function  of  the  rotation  period.  For  the 
set  of  parameters  of  this  experiments  at  a  rotation  period  of  85  hours  y;  =  1  •  As 
seen  in  previous  sections  for  the  rotation  period  of  .Jupiter  and  Saturn  the  velocities 
arc  aligned  with  the  rotation  axis  characterized  by  strong  superrotation  around  the 
equator.  On  the  same  plot  we  show  also  the  mean  surface  zonal  velocity  around  the 
equator  for  these  runs.  We  find  that  at  about  50  hours  the  velocity  changes  from  being 
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I)<)sitiv('  (('iistwanl  volocity)  to  n('gativ<'.  Tlio  nuiiiorical  cxporiiiKMits  with  fast  rotation 
period  all  liave  very  similar  velocity  profiles,  characterized  by  strong  superrotation  at 
the  e<jnator.  Beyond  a  rotation  period  of  50  hours  though,  the  nature  of  the  dynamics 
changes  (piite  rapidly  and  the  zonal  iiK'an  develops  large  closed  cirtailations  in  tlu'  r-^ 
plane  with  no  aligmnent  with  the  rotation  axis.  This  is  similar  to  what  we  have 
shown  for  the  2D  case  (Figure  3.2),  however  this  circulation  is  also  accompanied  with 
subrotation  at  the  eciuator.  In  Figure  4.12  we  show  the  zonally  averaged  velocity  for 
two  examples  out  of  this  set  of  runs,  one  with  the  rotation  period  of  Jupiter  (9.92 
hours),  and  the  second  with  a  rotation  period  of  80  hours.  We  find  one  of  tlu'sc' 
two  states  to  appear  for  th('  whole  range  of  experiments  pn'sentc'd  in  Figures  4.10 
and  4.11.  The  transition  between  the  two  states  at  a  rotation  period  of  50  hours  is 
v('ry  rapid.  The  estimate  for  this  transition  ba.sed  on  ^  is  at  30  hours,  but  since  by 
averaging  we  are  approximating  the  mean  buoyancy  in  th('  whole  domain  this  is 
estimate  seems  within  the  reasonable  error.  The  estimate  based  on  the  limit  \  =  1  is 
at  85  hours. 

4.6  Properties  in  the  Zonally  Asymmetric  Circula¬ 
tion 

So  far  we  have  looked  at  the  zonally  averaged  fields  in  tlu'  31)  model.  The  differences 
betwec'ii  the  2D  and  the  3D  flow  indicate  that  zonal  asymmetries  an'  important  for 
the  3D  circnlation.  We  have  seen  that  eddy  momentum  fluxes  carry  momentum  away 
from  the  axis  of  rotation  to  the  outer  eejuatorial  part.  Next  w('  look  at  the  zonal 
structure  of  the  circulation. 

4.6.1  Formation  of  Coliiiniiar  Convection 

booking  at  the  equatorial  plane  the  most  prominent  feature  beyojul  the  strong  pro- 
grade  velocities  near  the  upper  boundary  and  the  retrograde  velocities  near  the  inner 
boundary  an'  large  positively  rotating  (in  resi)ect  to  the  rotation  of  the  planet)  eddies 
iti  the  interior.  Busse  (1976)  has  stiggested  that  Taylor  columns  can  form  around  a 
hot  convective  interior  and  the  interaction  of  the  columns  can  drive  the  jets  in  the 
atmosphere.  Zhang  and  Sc  hubert  (1996)  have  shown  formation  of  convc'ction  cells  in  a 
Boussinesci  3D  model  for  Rayleigii-Benard  type  convection.  Here  we  use  the  anelastic 
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Figure  4.12:  The  effect  of  rotation:  Velocity  fields  for  a  fast  and  slow  rotating  planet, 
(left)  rotation  period  of  9.92  hours;  (right)  rotation  period  of  80  hours;  In  color  are 
the  zonal  incan  zonal  velocities  where  red  is  eastward,  and  the  arrows  are  the  zonally 
averaged  radial  and  meridional  velocities. 
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Figure  4.13:  The  2D  streatnfuuctiou  on  slices  oriented  toward  the  center  of  tlie  plaiK't 
(radins-longitnde  surfaces),  showing  the  formation  of  Columns  which  are  driven  by 
tlic  convection.  Plus  signs  are  located  at  an  equal  distance  from  the  rotation  axis  in 
all  panels,  and  located  within  one  of  tin'  columns,  showing  that  these  columns  are 
parallel  to  the  axis  of  rotation. 


model  to  show  th('  formation  of  such  colnmnar  structures  that  <'xt('nd  almost  from 
one  boundary  to  the  other  crossing  the  equatorial  plane  at  about  2  3  the  planetary 
radius.  In  Figure  4.13  we  show  the  2D  streamfntiction  on  slices  along  the  longitnch'- 
radius  planes  on  constant  latitude  surfaces  (so  that  the  surfaces  are  not  parallel). 
I  he  slices  are  spread  apart  in  5°  in  latitude  going  northward.  The  closed  strnctnn's 
on  the  equatorial  plane  (upper  left  panel)  extend  out  in  rtulins  as  they  move  out  in 
latitude  so  that  they  are  parallel  to  the  rotation  .txis.  To  demonstrate  this  we  have 
marked  the  center  of  one  of  tin*  columns  on  the  ecpiatorial  plane  with  a  plus  sign,  and 
the  plus  signs  on  the  other  plain's  have  an  erjnal  distance  to  the  rotation  axis,  and 
the  same  longitudinal  angle.  VV’e  find  these  columnar  features  to  be  a  robust  feature 
in  all  numerical  experiments. 
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4.7  Scaling  Estimates  for  the  Vertical  Profile  of  the 
Zonal  Wind 

We  try  to  estimate  the  seale  of  the  density  gradients  driven  by  the  convection.  This 
is  beneficial  for  understanding  whether  the  representation  of  convection  in  our  model 
can  be  interpreted  in  terms  of  simple  scaling  arguments;  also  by  estimating  the  den¬ 
sity  gradients,  we  hope  to  have  an  estimate  for  the  zonal  velocity  vertical  shear.  It  is 
important  to  distinguish  between  the  density  gradients  from  the  convective  plumes, 
and  the  larger  scale  geostrophically  balanced  density  gradients.  We  begin  by  estimat¬ 
ing  the  amplitude  of  the  velocities  driven  by  the  convection  and  comparing  them  to 
the  corresponding  velocities  obtained  by  our  numerical  model.  Following  Fernando 
et  al.  (1991),  and  Ingersoll  and  Pollard  (1982)  we  estimate  the  mean  heat  flux  (tarried 
by  convection  as 


F  =  pCpu/AT, 


(4.25) 


where  p  is  the  mean  density,  Cp  is  the  specific  heat  (which  we  can  calculate  from 
the  EOS  properties  (Kip|)enhaiin  and  W(ngert,  1990),  and  is  a  function  of  depth), 
AT  is  the  temperature  across  the  plumes  and  u/  is  the  convectively  driven  vertical 
velocity.  Due  to  the  rotation  we  can  relate  the  production  of  vorticity  and  the  buoy¬ 
ancy  anomaly  via  the  vertical  momentum  balance  which  gives  a  balance  between  the 
Coriolis  force  and  the  buoyancy  so  that 


ihj' 


agAT 


(4.20) 


Now  we  can  write  an  expression  for  the  correlation  of  these  two  velociticis  as  a  function 
of  the  thermodvnamic  variables  and  the  heat  flux  so  that 


u' w'  = 


agF 


(4.27) 


All  variables  on  the  right  hand  side  of  (4.27)  are  given  by  the  EOS  and  the  reference 
state  of  the  model.  The  flux  can  be  inferred  from  the  prescribed  radial  heating  profile. 
The  forcing  as  applied  to  the  model  assumes  the  vertical  profile  is  close  to  adiabatic 
and  that  the  planet  is  cooling  on  very  long  tinie  scales.  The  forcing  is  apj)lied  to  the 
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Figiiro  4.14:  u'w'  ostiniatod  from  scaling  arguments  and  the  rms  from  the  model.  The 
plot  has  the  model  outpiit  for  tt'  and  w'  separately  when'  it;'  is  honinh'd  to  zero  at 
the  upper  boundary  while  u'  has  a  slip  condition,  and  the  combined  (u'w')"^ . 

heat  budget  as  a  heat  sourct'  Q  given  by 

which  vvIk'ii  int('grat('d  ovc'r  the  volunu'  is  zero.  Then'forc'  wc  can  calculate  the  effec¬ 
tive  flux  {F)  at  each  depth  from  tin'  heating  by 

f  1  I  +  (1.20) 

where  f’o  is  zero  since  the  flux  at  the  bottom  is  zero.  Conii)aring  the  right  hand 
.sid<'  term  in  (4.27)  shows  a  good  agreement  with  the  eddy  rms  velocities  givc'ii  by 
the  model,  tliis  is  shown  in  Figure  4.14.  This  means  that  our  convectively  driven 
v('locities  are  on  averagx'  w('ll  ai)proximated  by  these  arguments,  even  though  the 
convectiv('  vf'locities  themselves  are  stronger  than  what  we  expect  on  .Jnpit(‘r  because 
the  heat  flux  prescribed  to  the  model  is  stronger  than  the  heat  flux  we  expect  to  find 
on  .lupiter. 

A  common  feature  of  numerical  models  is  that  the  forcing  (in  terms  of  heat  flux) 
must  exceed  in  orders  of  magnitude  what  we  believe  exists  in  the  interiors  of  the 
giant  planets  (which  is  on  the  order  of  10^  on  .lupiter  (Hanel  et  ah,  1981),  and 
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even  loss  oil  Saturn  (Hanoi  ot  al.,  1983)).  Tlio  roason  for  this  ovor-foroing  is  that 
cine  to  numerical  grid  size  limitations  the  turbulent  viscosities  and  dift'usivities  usc'd 
in  numerical  models  averages  the  turbulence  in  a  grid  bo.x  rather  than  represent  the 
molecular  value,  and  therefore  the  Ekman  numbers  are  orders  of  magnitude  too  large. 
This  means  that  to  reach  flux  Rayleigh  numbers  which  exceed  critical  and  are  as  tur¬ 
bulent  as  numerics  allows,  the  large  viscosities  and  diffusivities  must  be  compensated 
by  effectively  large  fluxc's  exceeding  the  values  we  believe  exist  on  the  giant  planets. 
In  fact,  even  when  over-proscribing  the  fluxes,  the  Rayleigh  numbers  are  many  order 
of  magnitude;  smaller  the  expectc'd  planetary  ones.  Therefore  these  numerical  models 
should  be  thought  of  only  in  terms  of  the  nondimensional  parameters  and  not  in  terms 
of  the  actual  heat  fluxes,  viscosities,  diffusivities  etc.  Nevertheless,  our  objective  is  to 
infer  from  these  models  actual  cliaracteristics  of  the  planet  and  overforcing  the  heat 
flux  is  a  problem  we  should  addre^ss.  ThercTore  we  present  our  numc'rical  rcisults  for  a 
range  of  Rayleigh  numbers  in  order  to  show  the  dependence  on  the  forcing,  still  being 
away  from  real  planet  values  which  will  reejuire  molecular  size  grid  not  achievabh' 
with  current  computational  abilities. 

The  result  in  Figuri;  4.14  shows  that  even  though  we  are  overforcing  tin;  system  tlu' 
scaling  arguments  still  hold,  resulting  in  higher  turbulent  velocities  than  we  believe 
exist  in  the  interior  of  the  planet.  However  since  the  model  mean  velocities  (not 
convective)  are  of  the  right  order  of  magnitude  and  for  small  Rossby  numbers  are 
geostrophically  balanced,  the  mean  densities  are  well  represented.  Bridging  this  gap 
between  the  overforcing  and  the  resulting  scales  is  a  major  challenge  of  numerical 
modeling  in  convective  systems. 

.Away  from  the  boundaries  we  see  in  Figure  4.14  that  the  rrns  zonal  and  vertical 
anomaly  velocities  arc  of  the  same  order.  Due  to  tlie  slip  boundary  condition  they 
differ  along  the  boundaries.  Therefore  for  the  interior  if  we  assume  that  v!  ~  i/’',  we 
can  get  an  estimate  for  the  convective  density  gradients  by  using  (4.26)  and  (4.27)  so 
that 


(4.30) 


This  gives  an  estimate  to  the  turbulent  density  anomalies,  and  therefore  an  upper 
limit  to  the  steady  state  geostrophically  balanced  density  gradients.  Relating  the 
convective  density  anomalies  to  the  mean  gcostrophic  ones  is  the  main  leap  of  this 
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Figure  4.15:  Dashed  lines  are  (he  approxinialioii  for  typical  zonal  velocities  from 
(4.33)  for  4  bar  (blue)  and  10  Mbar  (red)  as  a  function  of  Rayleigh  number.  Dots  ar<' 
the  corresponding  nu'an  rnis  zonal  velocity  values  from  the  numerical  mod('l. 


approximation  and  therefore  we  treat  this  as  an  upper  limit.  Now  we  use  this  scale 
of  the  mean  density  gradients  to  estimate  the  geostrophic  velocities  and  slu'ars. 

In  the  numerical  results  present(>d  in  the  ])revions  section  we  showed  that  for 
•lupitcr  and  Saturn  type  parameters  the  Rossby  number  is  small,  and  there  are  two 
difii'ient  h'ligth  scales  in  the  problem.  One  scale  is  the  planetary  scale  and  we  tak<' 
this  to  be  the  scale  of  the  planet  denoted  by  R.  The  second  scale  is  the  scale  of  the 
large  columnar  cells  (driven  by  convection  but  are  larger  than  the  convective  length 
scales),  which  we  denote  as  L.  I'lie  vorticity  of  these  columns  can  be  produced  in  two 
ways;  one  is  the  by  stretching  the  coluinns  and  then  the  rate  of  vorticity  generation 
is  given  by 


u  _  2ilu 

Tr  ~ 


(4.31) 


where  u  is  the  scale  of  the  mean  velocity,  and  r  is  a  time  scale.  The  second  way  of 
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I)r()(luciiig  vorticity  is  by  the  curl  of  tlie  buoyancy  force  (4.9)  which  can  bo  scah'd  as 


u 

Lt 


9-^p  1  ^ 

fjL  L  y  pCp  j 


(4.32) 


whore  wo  have  used  the  upper  limit  for  the  density  gr;xdients  as  given  by  (4.30). 
We  assume  that  for  the  large  scale  motions  the  relevant  time  scale  is  the  advective 
time  scale  t  =  -^  (alternatively  one  can  assume  the  time  scale  is  this  would  give 
back  an  equivalent  to  (4.27)  as  an  upper  limit,  because  assuming  the  upper  limit  in 

(4.32) ).  Plugging  the  advective  time  scale  in  the  equations  for  production  of  vorticity 

(4.31.4.32)  gives  a  scale  for  the  mean  zonal  velocity  as  function  of  the  thermodynamic 
properties  and  the  forcing 


a 


/  ng(xF\  * 

\1^) 


(4.33) 


The  values  given  by  this  expression  give  a  good  order  of  magnitude  estimate  to  the 
velocities  given  by  the  model.  The  question  is  can  we  infer  from  this,  the  velocities 
on  the  real  planet  with  planetary  type  fluxes?  First  we  note  that  comparing  (4.33) 
for  the  atmosphere  at  1  bar  to  the  interior  at  IMbar  the  density  increases  by  4  orders 
of  magnitude  and  the  thermal  expansivity  will  decrease  by  3  orders  so  we  can  expect 
the  interior  velocities  to  be  substantialh^  smaller  than  the  atmosphere  ones.  In  Figure 
4.15  we  compare  the  rnis  velocities  at  4  bar  and  10  Mbar  in  our  model  to  the  velocities 
inferred  from  (4.33)  for  different  Rayleigh  numbers.  \\-c  keep  the  viscosity  constant 
so  the  change  in  the  Rayleigh  numbers  reflects  the  change  in  flux.  The  scaling  seems 
to  be  robust  for  a  range  of  Rayleigh  numbers  for  the  interior  values,  whik'  for  the 
atmosphere  (though  still  giving  right  orders  of  magnitude)  the  scaling  gives  less  than 
model  values  (a  problem  for  the  atmosphere  scaling  is  that  the  effective  forcing  for 
the  uppermost  level  is  zero  (4.29)  so  we  must  look  at  a  few  levels  below  and  therefore 
wo  look  at  the  4  bar  level  and  not  the  1  bar  level  which  is  the  upper  most  level  of 
the  model)  .  Applying  .Jupiter  values  of  F  =  10^,  n  =  10“^^  ,  R  =  7E7m, 
Cp  =  1.3  •  10'^  h'yK°  ’  F  ~  ^  atmosphere,  and  F  =  10  a  =  10“'^ 

p  =  10’  ^  for  the  interior,  we  find  velocities  on  the  orders  of  50  m/s  at  the  1  bar 
level  and  0.03  m/.s  for  the  interior.  This  shows  a  significant  change  in  zonal  velocities 
between  the  atmosphere  and  the  interior.  To  further  examine  the  vertical  profile  and 
to  address  the  issue  of  the  over  forcing,  we  look  at  zonal  velocity  profiles  along  sections 
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Figure*  1.16:  Zoiially  avoragx’d  zonal  volocity  (m.s“')  along  slices  paralh'l  to  the  axis  of 
rotation.  Each  slice  goes  from  the  surface  (denoted  by  the  latitude)  to  the  eematorial 
plane.  Similar  velocity  j)rofiles  an*  shown  for  four  experiments  with  diffen'ut  Rayleigh 
nnmlx'rs  of  \E7.  5i,’6,  3E6  and  lEG,  other  parameters  in  these  runs  are  Ek  =  l.oE  — 4 
and  Pr  =  10.  The  velocity  is  scaled  by  Rayleigh  iinmbcr  to  show  the  similar  proliles. 
The  velocity  values  matches  that  of  Ra  =  1E7.  Scaling  to  the  velocity  can  be  intern'd 
by  Fignn*  4.15. 

parallel  to  the  rotation  axis  (denoted  by  the  latitudes  at  which  the  sections  cro.ss  the 
top  surface)  in  Figure  4.16.  The  sections  are  separated  in  5  degrees  in  latitude.  These 
sections  show  a  barocliuic  structure  of  the  velocity  which  has  a  latituditial  (h'pendence 
due  mainly  to  the  variation  in  density  and  thermal  expansivity  which  have  different 
|)roHles  along  ditterent  sections.  An  important  point  n'garding  the  overforciug  is  that 
the  profiles  (which  are  normalized  by  the  Rayleigh  number  ratio)  do  not  depend  on 
Rayleigh  number.  This  means  that  although  the  value  of  the  velocity  depends  on 
Rayleigh  number  the  barocliuic  profile  does  not,  and  therefore  the  n'sult  of  weaker 
zonal  velocities  in  the  interior  is  robust,  and  it  roughly  matches  the  scaling  given 
by  (4.33).  Note  that  for  a  constant  forcing  and  thermal  exi)ansivity,  the  vertical 
profile  of  velocity  will  go  inversely  with  pT  a  state  in  between  the  barotroi)ic  limit 
and  momentum  column  limit  presented  in  section  4.3.1.  .All  this  suggests  that  with 
a  strong  vertical  variation  in  density,  the  velocity  can  vary  substantially  from  tin* 
atmosphere  down  to  the  interior.  This  is  demonstrated  well  when  comparing  the 
anelastic  to  Boussinesq  models  in  Figure  4.5. 
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Chapter  5 

Weakly  Nonlinear  Analysis  of 
Column  Formation  and  Superrotation 


In  this  chapter  wo  focus  on  tlio  niochanisnis  loading  to  the  dynamics  soon  iti  the 
fully  tnrbnh'iit  nuxh'l  prosontod  in  chapter  3.  Wo  have*  shown  formation  of  ('cpiatorial 
suporrotation,  rotating  cyclonic  columns  parallel  to  the  rotation  axis  and  a  strong 
shear  in  the  vortical  structure  of  the  wind.  Wo  have  soon  that  upgradiont  angidar 
momontnm  eddy  fluxes  drive  angular  momentum  perpendicular  to  the  mxis  of  rotation 
and  contribute  to  the  superrotation.  However,  we  have  not  answered  the  ciuestion  of 
why  are  the  fluxes  pointed  in  that  direction?  why  do  we  find  oidy  cyclonic  convection 
columns?  why  do  tin'  columns  propagate?  and  what  s('ts  the  number  of  columns 
around  the  sphere?  In  this  chapter  we  answer  these  questions. 

In  this  analysis  we  use  the  full  GCM,  a  simplified  analytical  model  and  a  simplified 
single  layer  type  numerical  model.  We  look  at  the  GCM  in  a  parameter  reginu'  wIk'H' 
convection  is  weak,  and  allows  us  to  examine  the  dynamics  while  nonlinear  effects 
ar('  small.  We  can  then  understand  the  |)reference  for  positive'  slu'ar  and  prograeh' 
rotation  and  show  the  transition  from  a.  state  with  weak  cyclones  and  anticyclones  on 
the  equatorial  plane  to  one  dominated  by  only  cyclones.  Then  in  section  5.2  we  look 
at  a  simplified  model  of  a  single  column  (Ingersoll  and  Pollard,  1982)  parallel  to  the' 
axis  of  rotation  and  show  how  a  Rossby  wave  tyjje  mechanism  explains  the  direction  of 
propagation  and  the  number  of  columns.  In  section  5.3  we  i)resent  another  simplified 
model  of  a  shallow  water  annulus  and  show  how  this  model  demonstrates  souk'  of  tin' 
dynamics  seen  in  the  full  GCM. 
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5.1  The  Weakly  Nonlinear  Limit 


Wo  begin  with  looking  at  the  3D  model  results  in  the  limit  of  small  Rayleigh  and 
Prandtl  numbers.  We  find  that  in  this  limit  the  solution  initially  looks  like  linear 
solutions  to  the  problem  of  convection  in  a  rotating  sphere  as  shown  by  Zhang  (1992) 
and  Zhang  and  Schubert  (1997),  and  then  goes  to  a  state  which  is  qualitatively  similar 
to  the  one  we  see  in  the  fully  turbulent  experiment  shown  in  chapter  3.  In  the  new 
state  the  flow  has  only  columnar  cyclones  rotating  around  the  equatorial  plane.  This 
weakly  nonlinear  solution  allows  us  to  understand  the  physical  mechanism  seen  in  the 
fully  turbulent  cases.  Figure  5.1  shows  snapshots  of  the  equatorial  strearnfunction  (sec 
definition  in  section  3.3)  as  it  evolves  in  time  beginning  from  spin-up,  and  reveals  two 
very  distinct  regimes. 

The  first  regime,  while  the  velocities  are  small  (we  begin  with  zero  velocity),  is 
a  series  of  equally  spaced  cy(T)nic  and  anticyclonic  vortices  on  the  equatorial  [jlane. 
They  pro{)agate  eastward  and  spiral  radially  (see  Figure  5.1).  In  section  5.2  w('  discuss 
the  Rossby  wave  type  mechanism  causing  the  eastward  propagation.  The  spiraling 
of  the  phase  lines  is  due  to  a  larger  planetary  vorticity  gradient  in  the  outer  region. 
We  discuss  and  demonstrate  this  in  section  5.3.  Initially  since  the  velocities  are  small 
the  noidinear  contributions  to  the  dynamics  are  weak,  providing  an  equivalent  linear 
solution.  Several  authors  (Zhang  and  Bussc,  1987;  Bussc,  1994;  Zhang  and  Schubert, 
1997)  have  looked  at  the  linear  i)roblem  of  convection  in  a  spherical  rotating  shell. 
Zhang  and  Schubert  (1997)  solve  the  linear  problem  for  a  Boussinesq  fluid  where  the 
flow  is  driven  by  an  internal  heating  profile.  The  solutions  they  find  for  the  velocities 
and  the  temperature  fields  are  given  as  an  analytic  expression  in  terms  of  spherical 
harmonic  Legendre  polynomials  and  spherical  Bessel  functions.  These  solutions  look 
very  similar  to  our  solution  in  this  first  regime.  Therefore  as  long  as  the  perturbation 
is  small  and  the  flow  is  close  to  linear  our  solutions  match  previous  linear  analy.sis. 

The  system  is  constantly  driven  by  the  convection  and  therefore  in  time  (while  the 
effect  of  dissipation  is  small),  the  velocities  become  larger.  As  they  become  stronger 
dne  to  the  tilt  in  the  direction  of  the  convection  columns  as  given  by  the  linear  solution 
(there  is  a  correlation  between  the  direction  of  zonal  and  radial  velocities)  angular 
momentum  is  fluxed  to  the  outer  parts  of  the  sphere  creating  a  vertical  shear.  As  the 
shear  becomes  stronger,  with  eastward  zonal  velocity  towards  the  outer  boundary  and 
westward  flow  towards  the  inner  boundary,  the  anticyclones  can  not  survive  against 
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Figure  5.1:  The  Weakly  iioiiliiiear  run:  Ra  =  1.5i:5,  Ek  =  AE  —  4,  Pr  —  0.5.  (top) 
Snapshots  of  the  ecjuatorial  streainfunetion  in  time,  red  is  cyrlonic  rotation  and  blue 
is  anticyclonic  rotation,  (bottom)  The  maximum  of  the  equatorial  streainfunetion  in 
time. 
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Figure  5.2:  The  eddy  mornenturn  finx  divergence  and  the  viscous  terms  at  time 
t  =  100  (corresponding  to  Figure  5.1). 

the  shear  and  only  the  cyclones  survive.  Then  the  system  goes  into  the  second  regime 
which  can  be  seen  in  Figure  5.1.  The  cyclones  continue  to  propagate  eastward  with 
nearly  the  same  phase  velocity  as  before  (see  Figure  5.8). 


Figure  5.3:  The  contribution  to  the  eddy  momentum  flux  divergence  and  the  viscous 
term  from  fluxes  perpendicular  to  the  axis  of  rotation  at  time  t  =  100  (corresponding 
to  Figure  5.1  and  to  Figure  5.2). 

In  this  second,  weakly  nonlinear,  regime  the  amplitude  of  the  flow  oscillates  until 
the  nonlinearities  act  to  bring  the  flow  to  a  stable  state.  This  behavior  is  similar 
to  the  behavior  we  have  found  in  our  quasigeostrophic  two  layer  model  (chapter 
7),  where  once  the  nonlinear  contributions  become  significant  the  solution  oscillates 
around  a  stable  state  due  to  the  eddy-rnean  flow  interactions  (see  analysis  in  section 
7.4).  In  contrast  to  the  (juasigeostrophic  inviscid  model  here  viscosity  also  plays  a 
role  in  inhibiting  the  growth,  and  the  balance  is  between  the  eddy  fluxes  transferring 
momentum  to  the  outside  to  the  viscous  fluxes  which  flux  momentum  inward.  Figure 
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Figure  5.4:  The  evolution  of  the  ?/  field  in  the  weakly  nonliiu'ar  run.  top:  snapshots 
of  the  //'  field  on  the  ecpiatorial  plane  during  the  linear  (left)  and  weakly  nonliiK'ar 
(right)  stages;  bottom:  tlio  evolution  of  the  niaxiniuni  of  tlie  u  and  u/  components  of 
the  zonal  velocity  in  time.  The  radial  dependence  of  77  is  shown  in  Figure  5.5. 


5.2  shows  the  vertical  and  meridional  contributions  to  the  eddy  flux  divergence  and 
the  viscous  t('rms,  which  after  th('  instability  ar('  clos('  to  balance.  During  tlu'  growth 
stage  the  viscous  contribution  is  small  and  the  eddy  fluxes  contribute  to  the  growth  of 
the  mean  zonal  velocity  Figure  5.3  shows  contributions  of  the  eddy  Hux  divergence 
and  the  viscous  terms,  from  fluxes  acting  in  the  direction  perpc'iidicular  to  the  ax('s 
of  rotation. 

It  is  useful  to  look  at  the  zonal  velocity  during  this  instability  and  transition 
between  the  linear  and  nonlinear  regimes.  We  divide'  the  zonal  velocity  into  two 
parts,  the  zonal  mean  and  the  part  not  containing  the  zonal  mean  so  that 


u  —  {r,0) n  [r\0,4>)  ‘  (5.1) 

Figure  5.4  (bottom)  shows  that  the  growth  of  and  with  it  the  outward  flux  of 
angular  momentum,  precedes  the  growth  in  77.  Therefore  it  is  the  flux  of  angular 
momentum  outward  which  contributes  to  the  develo])nient  of  the  mean  zonal  velocity 
77.  Th('  amplitude'  of  the  nie'an  vele)city  always  follows  the'  behavior  e)f  the  zeaially 
varying  component  meaning  that  the  outward  Hux  of  angular  me)mentum  is  causing 
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the  (loveloptiioiit  of  the  zonally  averaged  eoiriponeiit  and  eonsecpientially  tlu'  shear. 
Once  the  shear  is  developed  the  anticyclonic  spiraling  vortices  which  were  part  of 
the  linear  solution  disappear  and  only  vortices  in  the  direction  of  the  shear  survive. 
These  cyclones  are  still  tilt  eastward  being  in  balance  between  the  eddy  and  the 
viscous  fluxes.  Figure  5.4  (top)  shows  the  structure  of  ?/'  both  during  the  linear  stage 
and  the  nonlinear  stage,  and  in  both  cases  the  structure  is  similar  (only  with  different 
amplitudes  and  a  overlaying  lower  mode  in  the  initial  stage)  and  again  consistent 
with  the  linear  calculations  of  Zhang  and  Schubert  (1997).  The  radial  structure  of 
the  shear  is  shown  in  Figure  5.5  for  the  stage  after  the  weakly  nonlinear  syst('m  has 
reached  equilibrium.  As  seen  in  Figure  5.4  in  earlier  stages  the  zonal  mean  velocity 
oscillates  around  this  state  until  reaching  the  shear  which  is  in  balance  with  the  eddy 
and  viscous  fluxes. 

The  structure  along  the  direction  of  the  axis  of  rotation  is  consistent  with  the 
structure  seen  in  the  fully  turbulent  case  (Figure  4.13).  The  Taylor-Proudman  con¬ 
straint  (with  the  anehxstic  adjustments  -  section  4.3),  allows  small  variation  in  the 
direction  of  the  axis  of  rotation  and  therefore  both  the  initial  anticyclones  and  cy¬ 
clones,  and  the  later  stronger  cyclones  extend  through  the  planet  forming  colnmns. 
Figure  5.6  show's  the  streamfunction  on  conic  surfaces  at  different  latitudinal  angles 
for  the  weakly  nonlinear  regime  at  the  stage  after  the  instability.  The  conic  surfaces 
vary  in  intervals  of  10°  in  latitude,  showdiig  how  the  cyclones  move  outw'ard  in  lat¬ 
itude  such  that  the  cyclones  are  always  in  equal  distance  from  the  axis  of  rotation, 
and  therefore  are  perpendicular  to  the  equatorial  plane,  forming  columns. 

In  this  section  we  have  explained  the  mechanism  leading  to  the  superrotation 
through  the  flux  of  angular  momentum  and  the  transition  of  the  linear  modes.  This 
w’cakly  nonlinear  regime  allowed  us  to  connect  the  linear  solution  as  shown  analytically 
by  Zhang  and  Schubert  (1997)  to  the  full  nonlinear  solution  we  see  in  the  GCM.  In 
the  more  turbulent  cases  the  modes  are  not  distinct  but  the  general  structure  wdth 
the  cyclones  on  the  equatorial  plane  and  columns  extending  throughout  the  planet 
persists.  Another  question  raised  by  the  turbulent  model  w'as  the  mechanism  driving 
the  wwes  seen  on  the  surface  of  the  planet.  These  w-aves  seen  in  Figure  5.7  are 
embedded  within  the  mean  ecpiatorial  superrotation  and  have  phase  lines  which  are 
tilted  eastward  in  both  north  and  south  hemisphere  with  a  maximum  at  the  equator. 
The  w^eakly  nonlinear  model  explains  this  feature,  since  superimposed  on  the  mean 
zonal  flow  (Figure  5.5),  there  is  a  contribution  to  the  zonal  velocity  from  the  v! 
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Figure  5.5:  The  zonal  mean  cornponent  of  the  zonal  velocity  on  the  eciuatorial  plain' 
aft('r  tin'  vc'locity  has  reached  <inasi-stea(ly  state  (/  =  1 10)  in  Figure  5.1. 

component  (which  is  not  necessarily  wi'ak)  and  associated  with  colnmns.  Due  to  tin' 
spherical  geometry  of  the  surface,  and  the  eastward  tilt  in  the  colnmns,  the  surface 
zonal  velocity  n'snlting  from  the  colnmns  at  the  e<|nator  (//'  in  Figure  5.1)  would 
he  more  eastward  than  the  zonal  velocity  (a')  at  the  outcrop  of  the  same  column. 
Iherefon'  the  phase'  line  of  the  column  exti'inh'd  to  the  surface  of  the  sphere'  has 
an  appearance  of  a  wave  with  an  eastward  bend  in  its  phase  line.  In  the  turhule'iit 
moelel  there  are  no  distinct  phase  lines  but  since  the  columns  appear  in  a  turbulent 
feirm  in  the  interior,  their  //'  component  is  manife'sted  to  the  surface  with  the  wave 
structure  ai)p('a.ra.uce.  As  meutioued  in  chapti'r  1.  waves  with  a  similar  appi'aranci' 
with  curved  i)hase  line  embedded  in  the  superrotation  have  been  observed  on  .lupiter. 
TIk'sc'  waves  had  a  smaller  latitudinal  extt'iit  but  as  w('  will  show  iu  section  6.1  th<' 
latitudinal  extent  is  affected  by  the  vertical  extent  of  the  model.  Therefore  we  propose 
that  this  might  be  a  |)lausible  mechanism  for  the  waves  although  th('  wavelength  of  th(' 
observed  waves  is  less  than  the  resolution  of  our  model.  Xot('  that  for  high  Rayleigh 
number  experiments  these  phase  lines  become  less  apparent.  In  addition  since  //'  is 
strongest  radially  (ignoring  the  anelastic  effect  for  this  argument)  towards  tlu'  center 
of  the  column,  then  the  ii'  component  is  strongest  at  the  outcrop  of  the  columns  to 
the  surface,  giving  the  appearance  of  stronger  jets  at  mid  latitudes.  Both  weakly 
noulinear  and  fully  turbulent  surface  zonal  velocities  can  be  seen  iu  Figure  5.7. 

The  exist('uc('  of  the  waves  iu  the  fully  noulinear  case  shows  that  the  same  general 
mechanism  exists  in  the  fully  turbulent  (higher  Reynolds  number  and,  or  lower  Ek- 
rnan  number)  cases.  Iu  chapter  6  we  discuss  the  sensitivity  to  these  i)arameters  and 
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Figure  5.6:  The  2D  streatrifunctiou  on  conic  surfaces  of  constant,  latitudinal  angle. 
Snapshots  correspond  to  t  =  140  days  in  Figure  5.1  and  show  that  the  cyclones  soon 
in  the  equatorial  plane  are  cyclonic  columns  extending  throngh  the  sphere. 
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Figur('  5.7:  Waves  embedded  in  the  ecjuatorial  surface  zonal  velocity  (m/.s)  for  the 
weakly  nonlinear  case  {lia  =,Ek  =,Pr  =  10),  and  a  fully  turbulent  case  [Ra  = 
liEQ;  Ek  =,1.5E  -  5P/-  =  10). 

show  that  for  lower  Eknian  numbers  the  flow  develops  more  columns  and  therefore 
tlu'  ecjuatorial  superrotation  appears  smoother.  We  tind  also  that,  when  going  from 
a  2°  resolution  run  to  a  1°  resolution  run,  the  latitudinal  extent  of  the  e(|uatorial 
suijerrotation  is  reduced.  We  emphasize  that  the  waves  that  appear  on  the  surface 
are  su|)(’rini|>osed  on  an  ('astward  zonal  tnean  velocity. 

We  have  explained  therefore  the  mechanism  for  the  equatorial  superrotation  bas('d 
on  the  weakly  nonlinear  runs.  This  mechanism  however  relies  on  the  tilting  of  the 
columns  for  the  outward  Hnx  of  angular  momentum,  and  indirectly  on  the  propagation 
of  the  perturbation  eastward.  In  the  next  seetions  we  discuss  these  processes  in 
mor('  detail  using  different  models.  We  begin  with  a  simple  model  to  understand  the 
mechanism  for  the  eastward  propagation  of  the  columns. 

5.2  Single  Column  Barotropic  Model 

hi  order  to  understand  the  dynamics  of  the  columns  we  see  in  the  tnrbnk'tit  flow  we 
turn  to  a  much  simpler  model.  Since  we  have  shown  in  chapter  4  that  the  interior  is 
clos(’  to  barotropic,  and  the  flow  is  aligned  with  the  rotation  axis,  a  natural  systimi 
in  which  to  describe  a  single  column  model  will  be  a  barotropic  system  in  cylindrical 
coordinates.  We  follow  a  similar  derivation  done  by  Ingersoll  and  Pollard  (1982) 
where  they  have  a  scale  separation  between  the  scale  of  the  columns  and  the  size  of 
the  domain.  Rewriting  (2.8  -  2.10)  in  cylindrical  coordinates  (which  aligns  with  the 
spherical  system  at  0  =  0  with  replacing  the  meridional  coordinate  with  2  and  noting 
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that  now  p  =  /;(r,  ;r))  givos, 
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Note  that  wo  arc  not  using  the  traditional  cylindrical  coordinates,  to  he  consistent 
with  our  previous  notation,  so  that  u  is  the  azimuthal  velocity,  w  is  the  radial  velocity 
and  only  v  is  redefined  as  v  =  ^  (but  locally  on  the  equatorial  plane  coincides  with 
the  spherical  form  so  that  dv  =  rdB).  In  this  system  the  Coriolis  terms  parallel  to 
the  rotation  axis  vanish  and  we  have  used  the  anelastic  potential  as  defined  in  (2.23). 
The  mass  equation  2.5  givos 
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We  scale  time  by  the  advective  time  scale,  but  where  tlu'n'  is  a  length  scah'  separation 
between  the  local  length  L  and  the  domain  radius  Tq  so  that  L  <C  i\).  Then  for  a 
small  Rossby  number  to  the  highest  order  when  cross  differentiating  (5.2)  and  (5.4), 
subtracting  them  and  adding  (5.5)  we  get  that 
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The  term  is  the  square  brackets  is  the  vorticity,  and  the  terms  on  the  right  are  the 
contributions  to  the  vorticity  from  stretching  and  the  variations  in  the  mean  density. 
This  expression  therefore  will  describe  the  vorticity  of  a  single  column  within  the 
sphere  as  shown  in  section  5.1.  This  system  resembles  a  quasigeostrophic  system, 
although  (5.3)  is  different.  Ingersoll  and  Pollard  (1982)  show  this  equivalence  using 
the  ratio  between  ratio  of  cylinder  and  the  ratio  of  the  sphere  as  the  small  parameter 
in  analogy  to  the  Rossby  number  in  QG. 

At  the  limit  of  small  Rossby  number  the  (juasigeostrophic  ecjuivalent  scaling  of 
(5.3),  and  (5.4)  will  give  to  the  highest  order 
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Figure  5.8:  left:  the  relation  (:(k)  from  eq.  (5.14),  and  the  Hovnioller  diagram  from 
the  weakly  nonlinear  run  with  the  phase  speed  of  51  y  superimposed. 

so  that  the  anelastic  pot('ntial  is  the  geostrophic  stn'amfunetion.  We  assuiiK'  a  ba¬ 
sic  state  as  shown  in  section  5.1  where  the  flow  develops  a  basic  state  77(r)  and  a 
perturbation  which  can  Ix'  descrilx'd  by  a  stn'amfunetion  (5.7) 

4)  =  (5.8) 

when'  k  is  the  zonal  wave  number  and  a  is  the  fr('(iuency.  Following  (5.7)  the  velociti('s 
therefore  become 


a  =  77(r)  - 

(ir 

r 


(5.0) 

(5.10) 

(5.11) 


Then  to  the  highest,  order  assuming  the  mean  How  is  larger  then  the  perturbation, 
(5.6)  and  (5.3)  become 


We  turn  now  to  our  nuuK'rical  simulations  where  we  have  seen  that  on  the  eejuatorial 
plane  the  meridional  variations  in  the  streamfunction  are  small  (Figures  3.9,  and 
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4.13),  and  tlioroforo  to  make  tliis  system  separable  we  assume  that  the  right  hand 
side  terms  containing  the  variation  in  the  meridional  direction  are  negligible.  From 
(5.13)  this  is  similar  to  assuming  the  zonal  wavelength  is  small  compared  to  the 
radial  wavelength,  which  leads  to  having  the  streamfunction  independent  on  2  so 
that  =  Ip  (r)  only.  Thus  the  flow  on  the  equatorial  plane  can  be  described  as  a  2D 
streamfunction.  We  have  therefore  set  an  eigenvalue  problem  which  can  be  solved  to 
find  the  phase  speed.  The  i)hase  speed  will  describe  the  propagation  of  the  columns 
on  the  equatorial  plane  which  wo  have  seen  in  the  previous  section.  Alternatively,  we 
can  do  a  local  estimate  for  the  phase  S[)eed  by  using  the  local  numeric  values  we  have 
for  the  shear  and  streamfunction  at  the  radial  location  of  the  columns.  We  then  get 
a  local  estimate  for  the  phase  speed  function  of  the  zonal  wavenumber 


Cr..  = 


20^1  _  I 

n  ^7-  Kc  r  dr  V  dr  )  '  ^  c 


i_a  /  ^'1  I  _  4i.,A| 

r  dr  \  dr  /  7-2 


LJL  (r'^)  I  ,  - 

r  dr  \  dr  )  7-2  v  Itc 


(5.14) 


where  denotes  the  radial  location  of  the  maximum  of  the  zonally  averaged  e(|ua- 
torial  streamfunction  (the  radial  location  of  the  columns).  In  Figure  5.8  we  show 
<:{k)  for  the  weakly  noidinear  run  presented  in  section  5.1  calculated  in  this  method. 
We  find  that  this  gives  an  inverse  relatioii  between  the  zonal  wavenumber  (number 
of  columns),  and  the  phase  speed.  Figure  5.8  shows  a  Hovmollcr  diagram  of  the 
eejuatorial  streamfunction  around  the  radial  distance  of  the  columns.  We  see  that  the 
columns  propagate  eastward  at  a  phase  speed  of  51m/.s.  Using  this  value  in  Figure 
5.8  corresponds  to  a  wave  number  of  k  =  2S  .  The  number  of  columns  in  the  model 
is  18  however  given  the  rough  approximation  of  this  model  (mostly  assuming  inviscid 
dynamics)  it  might  bo  a  right  ball- park  number.  More  importantly,  (5.12)  predicts  an 
eastward  propagation  of  the  columns.  It  is  im[)ortant  to  note  the  similarity  between 
(5.12)  and  the  barotropic  stability  equation  on  a  beta  plane  (e.g.  Pedlosky,  1987), 
where  the  term  of  the  radial  derivative  of  the  mean  density  acts  as  the  effective  0. 
Multiplying  (5.12)  by  p,  and  integrating  in  the  2  direction  (assuming  as  discussed 
above  that  the  streamfunction  is  independent  of  z)  between  the  places  the  columns 
intersect  with  the  STirrounding  sphere  denoted  by  —h  and  h  gives 


(?/,  -  c) 


\  d  (  dP)\  / 
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Id  (  du 


V’  =  0 


(5.15) 
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Figure  5.9:  The  effective  B  B[r)  (5.1G)  as  a  function  of  radius  for  both  Anelastic  and 
Boussinesfi  cases. 


vvliere 


and 


D{r) 


2Q  H.\r 


(5.1G) 


(5.17) 


13{r)  thoroforo  is  the  cffoctivo  /3,  and  is  a  function  of  tlio  radial  distance  in  the  sphere. 
For  a  Boussinesq  fluid  M  would  simply  grow  as  r  becomes  smaller  due  to  the  spherical 
boundaries  of  the  sphere.  In  the  anelastic  case  M  will  have  a  more  complex  behavior 
due  to  the  effect  of  the  boundaries,  and  the  radial  dependence  of  ])  itself.  This  is 
demonstrated  in  Figure  5.9.  In  both  cases  since  ^  is  negative  the  effective  fi  in  the 
interior  of  a  sphere  would  then  be  negative.  Ingersoll  and  Pollard  (1982)  use  this 
expression  do  derive  an  alternative  barotropic  stability  criterion  which  wc  conic  back 
to  in  chaf)ter  7. 

To  understand  the  effect  of  the  negative  beta  intuitively,  one  can  think  about  the 
stretching  of  a  column  of  fluid  as  it  is  moved  closer  to  the  axis  of  rotation.  While 
in  the  standard  spherical  shell  such  a  column  will  shrink  in  length  as  it  is  moving 
poleward,  a  column  in  the  interior  will  stretch.  In  the  thin  spherical  shell,  this  effect 


125 


Figure  5.10:  Loft:  The  relation  e{k)  for  the  fully  turbulent  run  (moderate  Rayleigh 
number  as  in  Figures  3.9-3.11  Ra  =  3E6,  Ek  =  l.bE  -  4,  Pr  =  10);  right:  the 
corresponding  Hovmoller  diagram  with  the  phase  velocity  of  c  =  120^  superimposed 
with  the  black  line. 


is  equivalent  to  a  positive  planetary  vorticity  gradient  (which  in  terms  of  conservation 
of  potential  vorticity  is  equivalent  to  a  bottom  slope  growing  towards  the  poh'  in  a 
shallow  system).  In  the  deep  system  the  stretching  of  the  columns  is  equivalent  to 
having  a  negative  planetary  vorticity  gradient  towards  the  poles.  Here  therefore,  we 
can  think  about  the  eflcct  of  B{r)  as  the  background  planetary  vorticity  only  with 
the  opposite  effect  to  that  of  a  thin  spherical  shell.  Similarly,  a  Rossby  wave  will 
propagate  in  the  opposite  direction.  If  we  go  back  to  Figure  5.1  the  set  of  positive 
and  negative  perturbations  feels  the  effect  of  the  planetary  vorticity  gradient  and 
by  conserving  potential  vorticity  on  the  equatorial  plane  propagate  eastward.  The 
mechanism  is  similar  to  that  of  a  Rossby  wave  except  that  instead  of  polar  movement 
causing  negative  relative  vorticity,  motion  toward  the  center  of  the  planet  (poleward) 
causes  positive  relative  vorticity  and  positive  phase  speed.  In  chapter  7  we  look  how 
baroclinic  instability  changes  in  the  presence  of  a  negative  (3.  Figure  5.10  is  similar  to 
Figure  5.8  only  for  a  more  turbulent  case.  Again  we  find  that  the  phase  spec'd  of  the 
propagation  of  the  columns  is  close  to  the  values  predicted  by  (5.14)  for  the  number 
of  columns  we  find  in  the  numerical  model. 

VVe  have  explained  the  eastward  propagation  of  the  columns  and  shown  an  estimate 
for  the  number  of  columns  that  form.  However  the  mechanism  described  in  section 
5.1  would  not  work  if  there  was  no  flux  of  momentum  as  the  columns  propagate. 
Therefore  we  now  turn  to  another  model  -  ’the  annulus  model’  to  understand  the 
reason  for  this  flux,  and  preference  for  only  cyclonic  rotating  columns. 
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M  -  4  Fq  -  1 


M  -  8  Fq  -  2 


M  -  1 


1 


Figure  5.11:  Mapping  tlu'  scpian'  (0,  27r)  to  tho  annulus  grid,  (l('ft)  M  =  4, /'o  =  1, 
(middle)  M  =  8, /q  =  2,  (right)  M  =  l,/()  =  1 


5.3  The  Annulus  Model 

An  iaiportant  aspect  of  tlio  process  leading  to  the  superrotation  which  was  discussed 
in  tli('  pnwious  sc'ctions  was  tlu'  Hiix  of  inoinentuin  to  tin'  outer  |)arts  of  the  sphen'  due' 
to  the  s])iraling  in  the  linear  inodes.  In  this  section  we  use  another  simplified  model  to 
study  this  process.  In  order  to  represent  the  spherical  geometry  in  a  sim|)lo  channel 
model,  we  use  a  barotropic  model  with  varying  height,  and  use  a  conformal  mapping 
to  map  this  channel  to  an  annular  surfaix'  (Mehta,  1998).  By  this  we  can  rejin'sent 
the  beta  effect  with  the  variation  in  the  model  height  (a  deeper  interior  rejiresents 
a  iK'gative  planc'tary  vorticity  gradient  and  visa  versa).  Using  a  linear  slopi*  will 
apjiroximate  a.  constant  beta,  a  convex  slope  will  have  a.  bigger  values  of  beta  towards 
the  outside  and  a  coticave  slope  will  have  tlu'  opposite'  effect.  The  mapping  of  the 
channel  to  the'  annulus  gives  the  proper  metric  of  the  sphere's  ecpiatorial  plane.  The 
model  assumes  conservation  of  potential  vorticity  and  the  height  weighted  velocity  is 
nondivergent. 

We  construct  the  annulus  coordinates  by  using  the  following  mapping. 


JL 

r  =  roC 

(5.18) 

(5.19) 

Z  =  c. 

(5.20) 

which  relates  the  annulus  coordinates  (x,y,z)  to  cylindrical  coordinates  (r,  0,  Z). 
Figure  5.11  shows  how  the  Cartesian  square  between  0  and  27r  is  mapped  to  the 
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Figure  5.12:  Snapsiiots  froui  a  run  using  the  H(r)  profile  from  tlie  full  spherical 
model  (equation  (5.16)  at  radius  0.6  —  0.8).  The  flow  forms  vortices  through  an 
inverse  cascade  that  propagate  eastward. 


annulus  for  different  values  of  M  and  tq. 
We  solve  the  followitig  system 


Ra 

Dt 

V  •  (uH) 


0 

0 


(5.21) 


(5.22) 


where  q  =  is  the  potential  vorticity,  H  is  the  depth  of  the  fluid,  /  is  the  Coriolis 
number,  is  the  relative  vorticity,  and  the  2D  streamfunction  ■!/»  is  defined  so  that 


uH  —  V  X  'th. 

The  streamfunction  is  therefore  related  to  the  vorticity  by 

c  =  V-^V^ 

We  define  U  =  uH  so  that  (5.21),  and  (5.22)  combine  to  give 

|  +  iv.(U,)  =  0. 

or  equivalently 

^  +  V-(U<7)  =  0. 


(5.23) 


(5.24) 


(5.25) 


(5.26) 
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Next  \v('  (•a.l(ulat<'  tlio  scale'  factors  ricccssary  to  transform  the  Cartesian  channel 
model  to  the  annulus  coordinate  system.  Inverting  equations  (5.18  -  5.20),  and  defin¬ 
ing  a  Cartesian  system  (^, //,  s)  gives  the  following  transformation  from  a  Cartesian 
grid  to  an  annular  one 


V 


x 


(5.27) 


(5.28) 

(5.29) 


so  that  the  .Ijicobian  giving  the  area  scaling  factor  from  the  Cartesian  to  the  annular 
system  is 


d  (■>',  v)  ^  ^ 
d{Ln)  "  H 


(5.30) 


d'ln'n^fore  this  will  h('  the  factor  scaling  the  .Jacobian  term  in  equation  (5.26),  when 
transforming  the  Cartesian  system  to  the  annular  one.  Similarly  using  (5.24)  both 
the  divergence  and  the  gradient  operator  contribute  a  factor  so  that  the  vorticity 
etjuation  with  the  transformation  factors  becomes 


0, 


(5.31) 


and  the  potential  vorticity  is 


Q 


I 


+ 1 

H 


(5.32) 


Therefore  we  can  calculate  the  change  in  vorticity  by  solving  for  the  potential  vorticity 
flux.  The  scaling  factor  will  come  only  in  the  potential  vorticity. 

The  profile  of  H{r)  would  then'fon'  control  tin’  nature  of  the  dynamics  on  the 
annulus  plane.  The  case  that  would  represent  our  full  numerical  model  would  be 
to  take  the  H  profile  given  by  (5.1G).  In  Figure  5.12  we  show  the  resulting  flow 
wIk'ii  beginning  from  an  initial  high  modal  perturbation,  and  a  zero  mean  vorticity. 
Due  to  the  negative  beta  effect  the  flow  develops  a  eastward  propagation.  Opposed 
to  the  convective  model,  since  the  model  is  not  continuously  forced  by  small  scale 
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Figure  5.13:  Hovmollcr  diagrams  of  the  perturbation  potential  vorticity  for  cases  of  a 
jjositive  and  negative  linear  slope  in  H(r).  The  positive  slo{)e  (shallow  fluid  at  smaller 
radius  -  positive  13)  develops  westward  propagation,  and  the  case  that  simulates  a  deep 
sphere  (deeper  fluid  at  smaller  radius  -  negative  (3)  propagates  eastward. 


convection  it  develops  an  inverse  energy  cascade  and  forms  large  cyclonic  vortices. 
Note  that  the  reason  for  the  formation  of  these  vortices  is  different  from  the  columnar 
vortices  in  the  full  model  since  there  a  mean  shear  develops  due  to  the  outward  flux  of 
angular  momentum.  In  Figure  5.13  we  show  Hovrnoller  plots  from  two  experiments 
with  a  linear  slope  of  H{r),  where  one  slope  is  positive  and  the  other  is  negative. 
The  Hovmoller  plots  show  the  opposite  direction  of  propagation  of  the  vortices  in 
both  cases.  Where  the  slope  makes  a  shallower  fluid  in  the  interior  of  the  annulus 
(equivalent  to  positive  beta)  the  vortices  develop  a  westward  propagation. 


5.3.1  Solving  for  the  Eigenmodes 

We  now  turn  to  look  to  the  reason  the  modes  seen  in  Figure  5.1  arc  spiraling.  We 
should  make  first  a  distinction  between  the  convection  model  and  the  annulus  model. 
In  the  convection  model  energy  is  continuously  fluxed  outward,  accelerating  the  su- 
perrotation,  and  in  steady  state  dissipated  by  the  viscosity.  The  annulus  model  on 
the  other  hand  evolves  from  a  given  initial  condition,  and  modes  are  not  growing. 
Therefore  when  looking  at  the  eigenmodes  in  the  annulus  model  they  will  have  a 
finite  and  real  phase  speed.  Then,  the  only  way  the  eigenmodes  can  be  complex,  and 
thus  be  tilted  in  respect  to  the  radial  direction,  will  be  in  the  presence  of  friction. 
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Figure  5.14:  Eigoiiiiiodcs  for  cases  of  linear  slope  in  H{r)  and  a  curvature  slope  in 
H(r). 


Linear  models  showing  the  spiraling  in  the  linear  modes  (Zhang  and  Sehnbert,  1997) 
have  also  had  finite  Pr.mdtl  numbers. 

We  solve  therefore  for  the  same  system  presented  in  (5.21,  5.22)  but  add  a  eonstant 
viscosity  so  that 

^  +  L-Vv  =  (5.33) 

We  solve  now  for  the  eigenrnodes  by  assuming  a  solution  for  the  vortieity  of  thv  form 


c 


( 


(!J) 


(5.3-1) 


where  ./•  and  y  are  defined  in  (5.27,  5.28),  k  is  th<'  azimuthal  wave  numbc'r  and  c  is 
the  |)hase  speed.  Plugging  (5.34)  in  (5.33),  and  defining  an  operator  M  so  that 


c 


4/0, 


(5.35) 


gives  an  ('quation  of  the  form 


dy 


ii/  (  2  5  1  5  \ 


-CCo, 


(5.3G) 
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wlioro  2o  firo  the  ('igonvoctors  and  c  is  the  eigenvalue.  Tlu'n^forc'  in  the  ahscniee  of 
friction,  and  if  the  linear  modes  are  not  growing  the  eigenmodes  will  be  real  (oidy 
depend  on  r)  and  there  will  he  no  tilting  or  sjjiraling  of  the  zo  eigenmodes.  However, 
the  presence  of  a  finite  viscosity  still  does  not  guarantee  that  the  eigenmodes  will  he 
spiraling. 

We  should  separate  the  issue  of  tilting  of  the  modes  from  the  issue  of  eastward 
si)iraling  of  the  modes.  First,  in  the  convection  model  due  to  the  outward  flux  of 
energy,  theoretically  modes  may  develop  a  tilt  (and  therefore  a  correlation  between 
zonal  and  v(wtical  velocity  directions),  Ix'cause  of  the  direction  of  ('iiergy  propagation, 
leading  to  an  outward  fiux  of  angular  momentum.  However,  in  the  lack  of  spiraling 
(without  considering  boundary  effects)  this  flux  would  be  nondivergent  and  therefore 
w'ill  not  accelerate  a  zonal  suj)errotating  flow  fis  demonstrated  in  (4.24).  In  the 
convection  model  we  find  that  due  to  the  inherent  radial  variation  of  the  ])lanetary 
vorticity,  due  to  the  sphericity,  it  is  difficult  to  separate  the  issue  of  tilting  from  that 
of  spiraling  (spiraling  of  the  columns  inchules  tilting).  In  the  annulus  model  since 
we  have  no  convective  flux,  we  can  not  separate  these  issues  either  since  without 
variation  of  planetary  vorticity  we  do  not  d<'velop  neither  spiraling  nor  tilting. 

In  order  to  see  this  in  the  annulus  model,  we  show  in  Figure  5.14  the  eigenmodes  for 
two  cases  of  equal  parameters,  but  one  with  a  linear  slope  and  one  with  a  curved  slope. 
The  linear  sloi)e  is  equivalent  to  a  constant  and  the  curved  one  is  e<juivalent  to  a 
varying  fi.  Only  the  curved  one  develops  spiraling  in  the  direction  of  the  eigenmodes 
in  respect  to  the  radial  axis.  Therefore  the  spiraling  of  the  modes  is  related  to  the 
radial  variation  of  i)lanetary  vorticity. 

.4  semi-analogous  case  (considering  more  the  issue  of  tilting  and  not  the  angular 
momentum  flux)  which  may  resemble  more  the  convection  case  with  energy  continu¬ 
ously  fluxed  outward,  is  a  case  of  ocean  waves  approaching  a  sloping  beach  and  being 

refracted  due  to  the  variation  in  the  ocean  l)Ottom  slope.  The  slope  in  the  bathymetry 

1 

will  result  in  the  local  variation  in  the  phase  speed  c  =  an<l  cause  a  refraction 

in  the  orientation  of  the  crest  resulting  in  the  waves  approaching  tln^  coast  parallel 
to  the  shore  line.  In  the  case  of  the  convection  model  the  restoring  force  is  the  plan¬ 
etary  vorticity  rather  than  gravity,  and  the  cause  of  the  spiraling  is  the  variation  in 
planetary  vorticity  grrulient  rather  than  the  surface  slope,  but  the  analogy  is  in  the 
tilting  of  the  wave  guide. 

To  analyze  the  issue  of  spiraling  further  using  the  annulus  model,  we  define  the 
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Figure  5.15:  The  angle  of  the  spiraling  of  the  eigeimiodes  as  a  function  of  the  linear 
and  th('  c|uadratie  coefficients  of  the  depth  H{r).  Angle  is  given  in  degrees  eastward 
of  a  line  along  the  radius. 

height  of  th('  fluid  layer  as 


H{r)  =  H()  -  nr  — 

where  //o,  a,  and  b  are  constants.  We  then  solve  for  the  eigeninodes  for  a  series 
of  expc'rinients  where'  we  vary  the  linear  and  (piadratic  coefficients  a,  and  b.  Mk' 
curvature  grows  for  larger  b  values.  Figure  5.15  shows  the  results  for  a  series  of 
experiments  where  a  and  b  vary  for  the  complete  range  of  positive  depths.  The 
angle  of  spiraling  (zero  is  no  spiraling)  is  calculated  using  the  ratio  of  the  real  and 
imaginary  parts  of  Co  at  the  radial  point  where  the  imaginary  part  is  maximum  for 
the  fastest  growing  mode.  We  see  that  as  the  curvature  becomes  stronger,  larger 
spiraling  develops  which  in  the  spherical  convection  model  will  be  associated  with  an 
angular  momentum  eddy  flux  divergence  and  the  formation  of  superrotation.  Note 
that  even  cases  of  b  =  0  may  effectively  have  some'  curvature  bc'cause  the'  way  the' 
gradients  are  defined  in  (5.35). 
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Chapter  6 

Model  Sensitivity  Analysis 


In  the  results  [)reseiite(l  so  far  we  have  used  one  specific  geometric  configuration 
of  the  model,  extending  radially  from  the  surface  to  0.55  of  the  planetarv  radius, 
and  several  nondimensional  parameter  configurations  ranging  from  weakly  nonliiK'ar 
runs  to  more  turbulent  runs.  In  this  chapter  we  systematically  vary  each  of  tlu'se 
parameters,  namely  the  Rayleigh,  Ekiiian  and  Prandtl  numbers,  to  study  their  effect 
on  the  various  featun's  studied  in  previous  chapters.  In  addition  we  study  th<'  effect 
of  varying  the  geometric  configuration  of  the  model  ranging  from  a  thin  spherical 
shell  to  nearly  a  full  sphere. 

To  preform  a  systematic  assessment  of  these  parameters,  due  to  the  long  compu¬ 
tational  time  of  the  1°  resolution  runs  presented  in  the  previous  sections,  we  use  a 
lower  resolution  configuration  of  2°  resolution  latitudinally  and  longitudinally  and  a 
pressure  ratio  of  2  between  vertical  levels.  When  comparing  this  configuration  to  the 
l°configuration  we  find  that  the  overall  structure  of  the  circulation  (equatorial  super¬ 
rotation,  number  of  columns,  ('tc.)  does  not  change  significantly.  However,  the  small 
scale  features  at  high  latitudes  disappear,  and  in  particular  the  equatorial  superro¬ 
tation  is  on  average  5°  wider  latitudinally.  Nevertheless  we  find  these  experiments 
useful  in  studying  the  j)arameter  regime  of  the  model,  and  we  point  to  the  differences 
due  to  resolution  in  the  discussion. 

Beyond  the  magnitude  of  the  forcing,  we  have  made  in  chapter  2  exssumptions  on 
th('  vertical  profile  of  the  forcing.  Here,  we  study  the  ett'ect  of  the  continuous  forcing 
assumption  made  in  section  2.5  by  looking  at  a  different  type  of  forcing,  and  discuss 
th('  ('fleets  solar  forcing  can  have  on  the  (‘onvc'ctively  driven  circulation.  In  addition 
we  give  examples  of  interesting  solutions  we  find  during  spin-up  that  are  unstable, 
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and  therefore  have  not  l)een  present<'d  earlier  when  disenssing  tlie  statistically  steady 
state  solutions. 


6.1  From  a  Spherical  Shell  to  a  Full  Sphere 

In  previous  chapters  we  have  used  a  configuration  in  which  the  model  extends  radially 
down  to  0.55  the  radius  of  the  planet  (~  12  Mbar).  In  chapter  3  we  discussed 
this  choice  which  is  deeper  than  what  has  been  done  in  the  previous  Boussinesq 
models,  and  due  to  the  complexity  of  the  interior  thermodynamics  and  the  resulting 
MHD  effects,  might  even  be  beyond  the  relevant  regime  for  .Jupiter  (although  this  is 
controversial).  However,  the  goal  is  to  study  a  system  where  the  vertical  scales  are 
comparable  to  the  horizontal  ones,  and  to  be  in  a  regime  where  the  location  of  the 
bottom  boundary  docs  not  put  constraints  on  the  dynamics.  In  this  section  we  will 
vary  the  depth  of  the  model  and  study  its  effects. 

We  begin  therefore  with  varying  the  geometry  of  the  model  by  moving  the  location 
of  the  bottom  boundary.  Since  both  Rayleigh  and  Taylor  numbers  dei)cnd  greatly 
on  a  dei)th  scale  (which  we  take  to  b('  the  vertical  extent  of  the  model),  then  insterul 
of  holding  the  Rayleigh  and  Taylor  number  constant  in  these  experiments  we  hold 
directly  the  viscosity  and  heat  flux  constant.  Perhaps  the  best  parameter  to  keep 
constant  in  such  experiments  would  be  the  ratio  y  =  which  was  shown  in 

section  4.5  to  characterize  the  dynamics  and  has  the  dependence  of  the  Rayleigh 
and  Taylor  number  cancel  but  still  has  n  dependence  on  the  total  depth.  To  keep 
the  experiments  simple  we  held  constant  the  viscosity  and  heat  flux  directly. 

In  Figure  6.1  we  show  the  zonally  averaged  zonal  velocity  for  a  meridional  section 
(similar  to  Figures  3.9)  for  a  series  of  experiments  where  we  vary  the  location  of  the 
bottom  boundary.  We  denote  by  D  the  ratio  D  =  where  it  is  the  top  boundary 
and  Th  is  the  bottom  boundary.  The  range  of  the  experiments  is  from  a  relatively  thin 
shell  (still  has  three  orders  of  magnitude  variation  in  density)  occupying  10%  of  the 
radius  {D  =  0.1),  to  almost  a  full  sphere  occupying  93%  of  the  radius  {D  =  0.93). 
For  numerical  rea.sons  we  can  not  reach  a  singular  point  in  the  interior,  but  higher 
ratios  are  achievable  with  smaller  time  stepping.  .Jupiter  is  believed  (Guillot  et  ah, 
2004)  to  have  a  solid  core  occupying  the  inner  10%  of  the  [)lanet  radius.  This  series 
of  plots  shows  that  the  superrotation  is  robust  for  most  runs,  though  for  the  runs 
with  small  aspect  ratios  the  superrotation  has  a  smaller  latitudinal  extent.  For  the 
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Figiiro  6.1:  Tho  zonal  mean  zonal  velocity  as  fnnetion  of  model  depth.  D  =  is 
th('  total  dc'ptli  where  A(  is  the  toj)  honndary  and  77,  is  the  bottom  boundary.  Red 
colors  are  eastward  velocities  and  blue  colors  arc  westward  velocity.  The  magnitude 
of  the  eastward  velocity  can  be  seen  in  Figure  C.3. 
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Figure  6.2:  Location  of  columns  (blue)  in  terms  of  the  fraction  of  the  radius  covered 
by  the  model  as  function  of  model  de{)th.  The  dashed  blue  line  is  the  total  depth 
of  the  fluid.  The  red  dots  are  the  meridional  extent  of  equatorial  superrotation  as 
function  of  model  depth.  Each  point  is  a  numerical  experiment  ran  to  a  statistically 
steady  state. 


thinnest  ciuse  {D  =  0.1)  vve  do  not  find  superrotation,  perhaps  because  there  wasn’t 
enough  resolution  for  formation  of  columns;  or  since  x  depend  on  the  depth  of 
the  domain,  and  decreases  with  depth,  then  this  thinner  case  may  be  in  a  parameter 
regime  where  rotation  is  not  dominant  x  <  1  similar  to  the  case  of  slow  rotation.  As 
can  be  understood  from  our  analysis  in  chai>ter  5  the  smaller  latitudinal  extent  is  due 
to  the  columns  being  closer  to  the  outside  due  to  the  smaller  overall  depth.  However 
as  the  model  becomes  deeper  the  columns  develop  further  from  the  bottom  boundary. 
This  shows  that  for  a  shallow  model  the  choice  of  the  location  of  the  bottom  boundary 
sets  the  width  of  the  superrotating  jets,  and  perhaps  the  depth  of  the  dynamically 
significant  region  can  be  therefore  deduced  from  the  observations  of  the  jets  in  the 
outer  atmosphere.  Calculating  this  de{)th  based  on  the  observations  of  .Juj)iter  and 
Saturn  gives  a  bottom  boundary  at  approximately  0.07  and  0.2  respectively.  Previous 
numerical  convection  models  have  chosen  a  shallower  domain  than  the  one  used  in 
previous  chapters  and  indeed  had  a  narrower  superrotating  jet.  Note  that  even  if 
the  dynamics  are  confined  to  a  relatively  shallow  domain,  it  still  will  contain  most  of 
variation  in  density  and  pressure  seen  in  the  deeper  model  we  have  been  using,  and  it 
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Figure  C.3:  Number  of  eolurniis  (blue)  and  zonal  velocity  intensity  (red)  as  function 
of  model  dc'ptli. 


would  have  boon  liardor  to  identify  the  mechanisms  driving  those  dynamics  working 
with  only  the  shallower  domain. 

An  interesting  feature  is  that  as  the  model  gets  dee{)er,  approaching  a  full  sphere, 
the  columns  do  not  move  significantly  deeper  and  the  resulting  width  of  the  super¬ 
rotation  does  not  extend  much  beyond  50°  in  latitude.  This  is  shown  more  exjdicitly 
in  Figure  C.2  which  shows  on  the  h'ft  (blue)  grid  the  location  of  the  columns  (taken 
as  the  averaged  radial  location  of  the  maximum  in  equatorial  2D  streamfunction)  as 
function  of  the  aspect  ratio  (D).  Each  point  represents  a  numerical  experiment,  and 
the  dashed  line  is  the  total  depth  of  the  fluid.  As  the  asi)ect  ratio  grows  (model  gets 
de('per)  th<'  location  of  the  column  drifts  slowly  inward  but  becomes  further  away  from 
th('  bottom  boundary.  Looking  at  the  equatorial  plane  we  can  identify  the  colnrnns 
and  similarly  to  the  standard  case  shown  in  chapter  2  they  arc  all  cyclonic. 

The  nnmber  of  columns  (estimated  by  a  Fourier  analysis  of  the  2D  streamfunction 
on  the  ec)natorial  plane)  around  the  360°  eriuatorial  plane  is  higher  for  smaller  a.spect 
ratios  and  is  hxirly  constant  as  the  model  becomes  deep.  This  is  shown  in  Figure  6.3. 
However  the  intensity  of  the  columns  and  the  resulting  superrotation  grow  with  depth 
even  though  forcing  is  constant.  This  is  despite  \  becoming  bigger  as  the  model  is 
deeper. 
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Figure  6.4:  A  solution  with  tiiultiplc  coluiuns.  This  structure  appears  during  spiu-up 
but  in  time  will  reduce  to  having  only  cyclonic  coluiniis.  left:  the  equatorial  stream- 
function  containing  both  cyclones  and  anticyclones,  middle:  the  total  momentum  pn 
in  meridional  section;  right:  The  zonal  velocity  in  a  meridional  section.  Meridional 
fields  are  of  snapshots  taken  at  17  days  from  spin  up  and  the  equatorial  slice  is  at  25 
days. 


6.2  Multiple  Column  Layers 

In  Basse’s  original  heuristic  {)icture  (Busse,  1976)  for  multiple  zonal  jets  driven  by 
interaction  between  cylinders,  he  suggested  that  multiple  columns  at  differejit  radii 
from  the  center  may  interact  to  cause  alternating  jets.  In  this  picture  the  cylin¬ 
ders  were  confined  to  the  region  outside  the  tangent  cylinder  surrounding  the  core 
and  extended  throughout  the  planet.  The  discovery  of  jots  at  high  latitude  (Porco 
ct  ah,  2003)  later  overshadowed  this  suggestion  since  this  would  require  the  layers  of 
cohimns  to  extend  deep  into  the  region  contained  within  this  tangent  cylinder.  Only 
if  the  internal  region  with  no  dynamics  would  be  very  small  could  such  a  scenario  be 
plausible.  None  of  the  linear  models,  or  the  numerical  Boussinescj  models  have  found 
.solutions  with  multiple  column  layers.  In  the  previous  section  we  have  shown  that 
even  when  extending  the  model  almost  all  the  way  to  a  full  sphere  we  find  only  one 
layer  of  columns  and  they  are  located  at  an  equal  distance  from  the  axis  of  rotation. 

In  this  section  we  show  that  we  often  get  such  multiple  columns  during  the  spin- 
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up,  however  ('veiitually  due  to  shear  they  disappear  aud  we  Hud  the  solutions  with 
one  dominant  layf'r  of  eolurnn  at  an  equal  distance  from  the  axis  of  rotation.  FigJire 
G.4  shows  on  the  left  an  equatorial  slice  where  we  Hud  an  inner  set  of  anticyclones 
(blue)  and  at  a  great('r  radius  a  sot  of  cyclones  (red).  Looking  at  dilferent  slices  shows 
that,  similar  to  the  case  of  Figure  4.13,  these  features  extend  as  columns,  parallel  to 
the  axis  of  rotation,  to  tlie  outer  levels.  The  middle  panel  shows  the  zonal  velocity 
with  multiple  east-west  zonal  jets  at  the  surface.  Such  a  picttire  would  be  desirable 
for  the  .Jupiter  case  with  a  wide  superrotatiiig  jet  and  then  alternating  jets  at  high 
latitudes,  however  w('  Hud  that  such  a  scenario  is  not  stable  and  the  multiple  columns 
evt'ntually  disappear.  It  is  interesting  that  at  this  stage  fyu  is  nearly  constant  along 
the  axis  of  rotation,  meaning  as  discussed  in  section  4.3.2  that  the  baroelinic  vortieity 
production  has  a  near  e(iual  and  o|)posite  contribution  from  entropy  and  i)ressure 
Huctuations.  In  tinu'  the  interior  part  of  the  column  beconu's  more  barotropic  and 
the  solution  looks  like  Figure  3.9.  The  parameters  for  the  run  presented  here  are 
th('  sauK'  as  the  in  Figur<'  3.9,  and  are  of  instantaneous  Helds.  We  Hud  that  as  w(' 
decrt'ase  tin*  viscosity  such  solutions  survive  for  larger  times,  despite  the  increase  in 
magnitude,  or  the  circulation  and  vertical  shear.  It  is  possible  that  therefore  that 
experiments  with  higher  resolution,  where  we  can  use  smaller  viscosities  would  have 
stable  solutions  with  such  multiple  columns  and  surface  alternating  zonal  flows. 


6.3  Model  Sensitivity  to  Noiidimensional  Parame¬ 
ters 


111  this  section  we  look  at  the  model  sensitivity  to  Rayleigh,  Prandtl  and  Ekiiian 
numbers.  Due  to  the  simplicity  of  th('  model,  and  the  use  of  uniform  viscosity  and 
diffusivity  coefficients  the  model  is  controlled  by  only  these  three  parameters.  Al¬ 
though  these  noiidimensional  parameters  define  the  system,  since  the  GCM  is  not 
naturally  written  in  terms  of  these  parameters,  we  find  it  useful  to  study  both  the 
effect  of  the  noiidimensional  parameters  and  the  physical  parameters  that  compose 
them,  namely  the  viscosity,  diffusivity  and  heat  flux.  There  is  an  obvious  overlap 
between  these  two  api)roa(‘hes,  but  as  we  show  they  are  not  redundant  and  it  is  help¬ 
ful  in  looking  at  different  slices  through  the  parameter  space.  For  most  examples  we 
keep  the  rotation  period  constant  (9.92  hours),  and  therefore  Ekman  number  (and 
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Table  6.1;  Table  of  parameters  for  immerieal  experiments  in  eliai)ter  6. 


alternatively  Taylor  number)  will  depend  only  on  the  viscosity.  The  results  will  be 
presented  in  terms  of  Eknian  numbers  and  not  the  Taylor  numbers  but  can  be  easily 
converted.  For  convenience  we  write  again  the  nondimensional  numbers 

Pr  =  Ta  =  Ra  =  ^  Ek  =  (6.1) 

where  H  is  the  total  vertical  extent  of  the  model,  and  is  given  by 

where  the  subscript  0  denotes  the  top  level.  VVe  try  and  explore  a  [)araniet.er  regime 
as  wide  as  the  configuration  and  computational  resources  allow  us.  Ideally  we  would 
like  to  increase  Rayleigh  numbers  by  decreasing  the  viscosity  and  diffusivity  while 
keeping  reasonable  heat  fluxes,  and  therefore  make  the  model  as  turbulent  as  we  could. 
This  however  is  limited  by  the  grid  scale.  For  example  the  standard  1°  resolution 
configuration  has  360  x  160  x  120  x  6  ~  4E7  computations  per  time  stop.  Time 
steps  are  small  (typically  5  seconds)  due  to  the  convective  nature  of  the  system,  and 
therefore  calculations  are  computationally  demanding.  We  find  it  therefore  useful 
for  these  scries  of  numerical  experiments  to  use  the  low  resolution  2“  runs.  These 
runs  are  presented  in  Table  6.1  where  oidy  i?fll  are  1°  resolution  cases.  An  important 
component  of  this  analysis  is  the  effect  of  the  rotation  period.  This  has  been  discussed 
in  both  sections  3.1  and  4.5,  and  therefore  we  will  refer  to  those  sections  for  this 
discussion.  We  will  use  these  results,  though,  in  our  discussion  on  the  effect  of  the 
Ekman  number. 
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6.3.1  The  Rayleigh  Number 


VVe  begin  witli  cxpcriiiiciits  whore  we  vary  tlie  Rayleigh  number  while  holding  the 
Prandtl  and  Ekrnan  numbers  constant..  The  Rayleigh  number  depends  on  all  three 
physical  parameters  (viscosity,  diflusivity,  and  heat  flux),  and  therefore  since  rotation 
period  (9.92  hours)  is  held  constant,  then  a  constant  Ekrnan  number  implic's  a  con¬ 
stant  viscosity.  Then  in  effect  in  this  set  of  experiments  only  the  amplittide  of  the 
heat  flux  is  varied.  We  repeat  these  experiments  (Hal  —  3  see  table  6.1)  for  different 
values  of  Eknian  numlx'rs  denoted  in  Figun'  6.5  with  different  colors,  d'wo  degret'  r('s- 
olution  runs  are  denotc'd  by  diamonds,  while  one  degree  resolution  runs  are  denoted 
by  squares.  Each  numerical  experiment  presented  here,  denoted  by  a  single  dot,  has 
been  run  to  statistical  steady  state  and  data  has  been  taken  from  the  instantaneous 
fields. 

file  left  panel  in  Figure  6.5  shows  that  as  the  Rayleigh  number  incr(';uses  the 
magnitude  of  the  equatorial  superrotation  increases  as  well.  stronger  lu'at  flux 
provides  more  potential  energy  (from  the  convection)  to  the  system  resulting  in  a 
stronger  kinetic  energy  and  suix'rrotation.  For  the  mor<'  energetic  runs,  the  curves 
level  off  rcfuliing  possibly  an  asymptotic  limit.  Christensen  (2002)  suggested  a  linear 
relationship  when  looking  at  the  Rossby  number  as  a  function  of  the  heat  flux.  Runs 
of  similar  Rayleigh  number  will  have  higher  velocities  for  higher  Ekrnan  number, 
though  the  irxxlel  resolution  seems  to  possibly  have  an  impact  as  well.  This  shows 
that  the  magnitude  of  the  superrotation  in  onr  runs  dex's  depend  on  the  magnitixle 
of  the  forcing,  however  this  dependence  may  decrease  for  high  Rayleigh  numbers  as 
imlicated  particularly  by  the  higher  resolution  runs  (red).  In  section  4.7  we  have 
shown  that  althotigh  this  magnitude  does  depend  on  the  choice  of  the  Rayleigh  num¬ 
ber  it  is  still  consistent  with  mixing  length  theory  estimates  for  the  magnitude  of  the 
velocity  as  function  of  the  forcing.  For  tlie  whole  range  of  Rayleigh  numbers  that 
we  have  experimented  with  we  have  found  that  the  convective  structures  and  mecha¬ 
nisms  studied  in  (4iai)ter  5  are  consistent.  In  Boussinesq,  Cartesian,  Rayleigh- Ben ard 
convection  experiments  Sprague  et  al.  (2006)  have  found  that  as  Rayleigh  number  is 
increased  the  flow  within  the  columns  increases  in  strength,  as  in  our  experiments, 
but  leading  eventually  to  a  breakdown  of  the  Taylor  columns  due  to  enhanced  lateral 
mixing.  In  onr  exjterinients  we  have  not  found  this  to  happen,  and  actually  have 
found  the  ratio  of  the  vorticity  of  the  columns  to  the  background  vorticity  to  grow 
with  Rayleigh  number,  with  more  profound  columns.  However,  even  if  the  columnar 
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Figure  6.5:  The  model  sensitivity  to  Rayleigh  number,  left:  The  magnitude  of  equa¬ 
torial  superrotating  zonal  velocity  lm/.s|;  right:  latitudinal  extent  of  equatorial  su¬ 
perrotation  |degree|; 


structure  would  break  for  some  higher  Rayleigh  number,  the  convective  plumes  will 
still  be  aligned  with  the  rotation  axis  (as  in  the  Sprague  et  al.  (2006)  experiments  at 
high  Rayleigh  number},  and  therefore  much  of  the  angular  momentum  flux  and  the 
mechanisms  described  in  chapter  5  will  still  hold. 

The  equatorial  superrotation  on  .Jupiter  extends  roughly  to  latitude  17°  and  on 
Saturn  to  latitude  30°  (Figure  1.1).  Wc  have  shown  in  section  6.1  that  in  our  model 
the  latitudinal  extent  can  depend  on  the  de])th  of  the  domain  for  shallow  cases  (Fig¬ 
ures  6.1,  6.2).  In  Figure  6.5  we  show  that  this  latitudinal  extent  depends  on  the 
Rayleigh  number  as  well  and  runs  with  higher  heat  flux  develop  a  narrower  equato¬ 
rial  superrotating  jet. 

Extrapolating  these  results  to  the  regimes  relevant  to  .Jupiter  and  Saturn  is  dif¬ 
ficult  since  the  model  (eddy)  viscosities  are  many  orders  of  magnitude  larger  than 
mean  molecular  viscosities. ThercTorc'  to  maintain  a  large  Rayleigh  number  we  must 
compensate  with  a  larger  heat  flux.  If  one  used  the  Rayleigh  number  with  the  eddy 
viscosities  to  calculate  the  actual  heat  Hux,  the  resulting  Hux  would  be  many  orders 
of  magnitude  too  large. 

A  useful  measure  which  eliminates  the  dependence  on  molecular  parameters  will 
be  =  Ra  ■  Pr~^ Ek^.  We  have  shown  already  (section  3.1.1)  that  this  parameter 
determines  the  level  to  which  the  convective  plumes  are  aligned  with  the  rotation  axis, 
separating  therefore  between  the  rotationally  dominated  convection  to  gravitationally 
dominatc'd  convection.  Using  the  parameter  x'“*  allows  comparing  a  larger  set  of 
numerical  experiments.  For  most  cases  (all  but  Ek.3)  the  rotation  period  is  constant 
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and  tli('r('fbr(’  x  ’  is  a  nioasun'  of  tho  iMagnitiuh’  of  tlio  coiivoctioii.  In  tli('  iippor 
panels  of  Figure  G.6  we  look  again  at  the  magnitude  and  latitudinal  extent  of  the 
suporrotation.  The  upper  hound  of  values  is  the  limit  whore  the  convection 
will  not  he  aligned  with  the  rotation  axis.  At  that  i)oint  no  convection  columns 
will  apjx'ar  and  the  whole  nu'chanism  for  snperrotation  described  in  chapter  5  will 
break.  As  seen  in  Figure  4.11  at  this  point  the  equatorial  flow  would  rapidly  switch 
from  sui)er-to-suh  rotating.  The  lower  limit  of  is  when  convection  is  w('ak  and 
is  limited  by  cither  the  critical  value  of  convection  (3.11)  or  numerical  limitation  of 
th('  eddy  Fkman  mmiber.  It  can  be  seen  on  the  left  panel  that  tin'  higher  resolution 
('xperiments  can  reach  lower  values  since  the  higher  resolution  allows  having  a 
smaller  ed<ly  viscosity.  The  importance  of  this  is  that  they  are  supercritical  for  lower 
\  '  numbc'rs,  and  seem  to  reach  a  point  where  more  turbnient  runs  do  not  necessarily 
have  stronger  ecpiatorial  v('locities.  This  is  s('<'n  also  but  to  a  lesser  ext('nt  in  the  2° 
resolution  runs.  Such  a  scenario  will  mean  that  the  velocities  in  our  model,  which  are 
on  the  ord<'r  of  magnitiuh'  of  the  winds  on  .lupiter  and  Saturn,  might  be  more  robust 
than  indicated  by  the  slope  in  Figure  G.5. 

In  the  lower  left  panel  in  Figure  G.6  shows  the  doitdnant  wavenumber  for  the 
streamfunction  on  the  equatorial  plane.  This  will  serve  as  an  approximation  for 
the  number  of  columns  surrounding  the  interior  core.  The  results  indicate  that  the 
further  the  model  is  into  the  rotationally  dominated  regime,  the  more  convection 
columns  we  find  around  the  equatorial  plane.  As  a  caveat,  note  that  since  there  is 
a  clear  separation  between  the  high  and  low  resolution  results  the  numerical  values 
are  affected  by  the  model  resolution.  These  results  might  imply  that  going  to  higher 
resolution  runs  with  lower  Fkman  numbers  will  lead  to  significantly  more  convection 
columnar  structures  which  will  result  in  a  higher  frequency  waves  on  the  surface. 
The  waves  observed  on  the  surface  of  .Jupiter  (Reuter  et  ah,  2007)  have  a  300  km 
wavelength  which  is  currently  of  f  jio  resolution  of  our  runs.  Therefore  it  is  hard  to 
identify  our  results  with  tin'  observed  waves;  however  the  s|)atial  resemblance  (crests 
that  an'  curved  eastward  and  centered  at  the  equator),  the  phase  speed  which  is  about 
equal  to  the  mean  zonal  velocity  (as  in  the  model),  and  this  result  suggesting  that 
the  nunilx'r  of  columns  (and  therefore  resulting  waves),  will  increase  with  resolution 
l)rings  us  to  hypothesize  that  the  observed  waves  might  be  a  surface  manifestation  of 
finer  structure  convection  columns. 

Th('  lower  right  panel  in  Figure  6.6  compares  the  full  kiiu'tic  energy  to  that  of  the 
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Figure  6.6:  Model  (lep('n(leiiee  on  y  =  Ra  ■  Pr~^Ek^.  R\in  color  code  corresponds 
to  parameters  in  table  6.1.  upper  left:  latitudinal  extent  of  equatorial  superrotation 
|degree|;  upper  right:  magnitude  of  equatorial  superrotatiug  zonal  velocity  |m/.s|; 
lower  left:  mean  number  of  columns  around  the  ecpiatorial  plane;  low'er  right:  ratio 
of  total  kinetic  encrg\'  to  the  kinetic  energy  of  the  non-zonal  components. 


non  zonal  components.  In  all  cjises  we  find  that  the  zonal  kinetic  energy  dominates. 
.\lthough  it  is  hard  to  follow  a  particular  trend  for  a  specific  set  of  runs,  in  general 
it  seems  that  the  higher  energy^  runs  have  a  stronger  zonal  component  in  the  total 
kinetic  energy.  Some  of  the  sets  of  runs  reach  a  maximum  beyond  a  specific  heat  flux 
but  determining  this  will  require  more  runs. 

VVe  conclude  that  in  the  parameter  regime  we  have  studied  the  Rayleigh  number 
does  affect  both  the  amplitude  and  the  latitudinal  extent  of  the  jet.  We  may  expect 
that  runs  at  higher  resolution  which  will  be  capable  of  higher  Rayleigh  numbers  and 
lower  Ekman  numbers  will  not  depc'iid  (magnitude  wise)  on  the  Rayleigh  number  and 
will  have  (even  without  the  effect  of  the  bottom  boundaries)  a  narrower  superrotation. 
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Figure  6.7:  The  (lepeiuleiice  on  Prandti  number  with  constant  heat  flux  (diffusivitv). 
l('ft:  ratio  of  total  kinetic  energy  to  the  kinetic  energy  of  the  non-zonal  components, 
right:  magnitude  of  equatorial  superrotating  zonal  velocity  \in/s\. 

6.3.2  The  Prandti  Number 

l\)  study  th('  d('p<'nd('nc('  on  th('  Prandti  number  wv  pcuform  two  s('ts  of  expc'riuK'iits. 
In  one  we  hold  the  Ekman  and  Rayleigh  numbers  constant  and  vary  the  Prandti 
number  (7^/1).  In  this  case  diffusivitv  varies  and  the  heat  flux  adjusts  accordingly  to 
k('ep  th('  Rayh'igh  number  (onstant.  These  results  have  been  pres('nted  in  Figure  6.6 
and  have  a  similar  effect  to  holding  the  Prandti  number  constant  and  varying  the  heat 
flux,  d  he  second  set  of  experiments  {Pr2)  is  holding  the  Ekman  number  constant 
and  varying  the  Prandti  number  while  the  heat  flux  is  constant  (\“'  =  0.048),  so 
that  the  Rayleigh  number  will  vary  as  well.  In  this  case,  since  only  diffusivitv  varies 
Ha  •  Pr~^  is  constant.  In  Figure  6.7  we  look  at  the  results  for  this  experiment.  TIk' 
right  side  plot  shows  on  the  horizontal  axis  both  the  Prandti  numl)er  (bottom)  and 
Rayleigli  number  (top)  since  only  diffusivitv  is  varying.  It  sliows  the  increase  in  the 
mean  amplitude  of  the  su{)errotation  up  to  a  level  where  beyond  it  the  mean  velocity 
remains  roughly  constant.  This  plot  can  bo  seen  as  an  extension  of  the  corresponding 
plot  in  Figure  6.5  extending  into  a  region  of  higher  Rayleigh  number  so  that  the 
magnitude'  of  the  velocity  is  no  longer  a  fuiK  tion  of  the  Rayleigh  number.  Despite  the 
high  Rayleigh  numbers  the  run  is  not  more  turbulent  and  only  means  that  beyond 
Pr  ^  2,  for  th('S('  run  paranu'ters,  diffusivitv  is  small  so  that  the  amplitude'  of  the' 
zonal  velocity  is  insensitive  to  the  Prandti  number. 

We  find  that  the  latitudinal  extent  of  the  superrotation  does  not  depend  on  the 
difiusivity.  Runs  with  higher  Prandti  number  do  have  a  higher  wavenumber  to  the 
e'(|uatorial  streamfunctie)n  on  the  equatorial  plane,  and  as  in  the  case  of  the  zonal 
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Figure  C.8:  The  model  sensitivity  to  viscosity,  left:  maximum  values  of  ecjuatorial 
strearnfunctiou.  right:  surface  sui)crrotation  zonal  velocity. 

velocity  it  becomes  constant  beyond  a  certain  point  for  high  Prandtl  numbers.  The 
left  panel  in  Figure  6.7  shows  the  ratio  of  full  kinetic  energy  to  that  of  the  non  zonal 
components  and  indicates  higher  ratios  for  lower  Prandtl  numbers.  The  run  with 
Pr  =  0.5  is  the  weakly  nonlinear  run  presented  in  section  5.1. 

6.3.3  The  Ekman  Number 

VVe  study  the  effect  of  the  Ekman  number  in  three  sets  of  experiments.  In  the  first  we 
keep  the  Rayleigh  and  Prandtl  numbers  constant  and  vary  only  the  Ekman  number 
(keeping  again  the  rotation  constant)  so  that  we  c:hauge  effectively  the  viscosity  and 
the  heat  flu.x  adjusts  accordingly.  In  the  second  set  of  experiments  we  keep  the  Prandtl 
number  and  heat  flux  constant,  so  that  when  varying  th('  Ekman  number  (viscosity), 
the  Rayleigh  number  changes  as  well.  The  third  experiment  is  similar  to  the  second 
one  only  varying  the  Ekman  number  by  changing  the  rotation  period  instead  of  the 
viscosity. 

Beginning  with  the  first  case,  since  the  Prandtl  number  and  heat  flux  arc  constant 
wo  look  at  the  model  effectively  as  only  the  viscosity  changes.  In  Figure  6.8  we  show 
the  magnitude  of  the  equatorial  strearnfunction  and  superrotatiug  zonal  velocity  as 
functions  of  the  Ekman  number.  We  find,  as  can  be  expected,  that  as  viscosity 
increases  the  magnitudes  of  both  decreases.  Going  back  to  the  zonal  momentum 
balance  in  (4.20),  as  angular  momentum  is  fluxed  outward  by  the  eddy  fluxes,  the 
balance  between  the  eddy  flux  term  and  the  viscosity  happens  earlier  as  r  increases, 
and  therefore  both  the  superrotatiug  winds  and  the  rotation  of  the  columns  (correlated 
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Figure'  6.9:  Tlio  iriodrl  sensitivity  to  the  Ekinaii  nuiiiher.  upper  h'ft:  The  mean 
number  of  columns  (wave  number)  on  the  equatorial  plane;  upper  right:  mean  surface 
zonal  velocity  of  the  superrotation;  lower  left:  Meridional  extension  (latitude)  of  the 
superrotation;  lower  right:  ratio  of  full  kinetic  energy'  to  the  non  zonal  kinetic  eiu'rgy. 


to  the  eddy  angular  momentum  Hux)  are  weaker. 

For  the  second  case  keeping  both  Prandtl  and  Rayleigh  numbers  constant  as  the 
Eknian  numbc'r  (vis(*osity)  vari('s,  th('  heat  Hux  adjusts  accordingly.  Tln'iefon'  a 
higher  Ekman  number  means  a  larger  heat  flux,  and  thus  we  find  that  the  strength 
of  the  superrotation  increases  with  Eknian  number,  although  Rayleigh  number  is 
constant.  This  means  that  the  strength  of  the  superrotation  is  related  to  the  lu'at 
flux  and  not  to  the  values  of  the  I^ayleigh  number  itself.  On  the  other  hand,  as  we 
increase  the  Eknian  number  the  number  of  columns,  which  is  estimated  by  a  Fourier 
analysis  of  the  streamfuuction,  on  the  equatorial  plane  decreases.  This  indicates  tliat 
in  a  higher  resolution  model  where  we  would  be  able  to  reach  lower  Eknian  numbers 
w('  may  ('xpect  to  find  more  columns  and  surhice  waves.  In  addition  as  w('  incrc'ase 
the  Ekman  number  the  meridional  extent  decreases  although  it  levels  off  for  lower 
Eknian  numbers.  Finally  the  ratio  of  the  full  kinetic  energy  to  that  of  the  non  zonal 
components  grows  with  Ekman  number. 
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6.4  The  Effect  of  the  Forcing  Profile 


Ill  section  2.5  we  discussed  the  use  of  an  adiabatic  vertically  continuous  forcing  profile, 
which  docs  not  confine  the  convection  to  the  boundaries  and  is  a  way  of  representing 
the  longer  time  scale  cooling  of  the  planet.  Other  models  (e.g.  Heimiiel  and  Au- 
rnou  2007)  have  used  isothermal  boundaries  and  therefore  forced  Raylcigh-Bcnard 
type  convection;  however  this  is  an  extreme  oversimplification  of  the  forcing  and  the 
planet  does  not  have  an  isothermal  boundary.  A  similar  boundary  dependent  forcing 


3D  Stn.  Forcing 


3D  Boltom  Flux 


Figure  6.10:  Comparing  different  forcing  profiles  for  2D  and  3D  cases,  upper  left: 
2D  with  vertical  forcing  profile  (section  2.5).  upper  right:  2D  with  bottom  flux  and 
Newtonian  cooling  on  top;  bottom  left:  3D  with  vertical  forcing  profile;  bottom  right: 
3D  with  bottom  flux  and  Newtonian  cooling  on  top. 

would  be  applying  a  heat  flnx  at  the  bottom  boundary  and  relaxing  to  a  reference 
temperature  on  top.  We  have  used  this  profile  for  the  discussion  about  the  critical 
Rayleigh  number  in  section  3.1.2.  Although  less  realistic  than  the  continuous  profile 
it  is  worth  comparing  the  statistically  steady  state  solutions  to  learn  if  the  result  is 
dei)endent  on  the  form  of  the  forcing.  Hero,  we  compare  the  results  using  both  types 
of  forcing  for  both  the  2D  and  3D  cases.  As  can  be  seen  in  Figure  G.IO  we  find  that 


150 


for  the  2D  experiments  a  bottom  heat  flux  will  cause  the  dynamics  to  be  constrained 
to  the  inner  part  of  the  sphere.  For  the  3D  although  at  the  initial  stages  (not  shown) 
the  convection  is  different  (plumes  rising  from  the  bottom  boundary),  after  enough 
time  the  profiles  with  both  types  of  forcing  become  quite  similar.  The  reason  this 
makes  a  difference  in  the  2D  case  is  the  constraint  given  by  (3.13)  which  is  even  more 
limiting  in  this  case  because  of  the  convective  plumes  only  rising  from  below.  Note 
that  the  3D  runs  are  of  2°  resolution;  as  discussed  in  section  6.3  the  higher  latitudes 
do  not  maintain  the  finer  structure  seen  in  the  1°  resolution  runs  such  as  in  Figure 
3.9.  All  cases  here  are  using  the  full  anelastic  density  variation. 

6.5  Summary 

The  deep  anelastic  GCM  we  developed  and  studied  in  previous  chapters  is  analyzed 
over  a  range  of  parameters.  Such  a  study  is  essential  in  order  to  get  a  feel  for  the 
parameters  of  the  model.  Due  to  the  simplicity  of  this  idealized  GCM  the  parameter 
regime  is  limited  to  mainly  three  nondimensional  parameters  beyond  the  geometric 
configuration  of  the  model  and  the  choice  of  forcing  profile.  We  perform  sets  of  nu¬ 
merical  experiments  changing  both  the  geometric  configuration  of  the  model  and  the 
nondimensional  control  parameters.  We  find  that  using  a  shallower  or  deeper  domain 
preserves  to  the  most  part,  the  main  characteristics  of  the  circulation,  including  the 
superrotation  and  convection  columns.  A  shallower  domain  which  is  consistent  with 
some  of  the  recent  MHD  estimates  (Liu,  2006),  would  in  fact  limit  the  superrotation 
to  a  narrower  latitudinal  band  which  is  consistent  with  the  observations  on  Jupiter 
and  Saturn.  On  the  other  hand  extending  the  model  to  a  full  sphere  does  not  extend 
the  superrotation  to  the  poles,  and  beyond  a  certain  depth  the  superrotation  is  close 
to  being  invariant  to  the  depth  of  the  domain. 

We  find  that  the  magnitude  of  the  superrotation  in  our  model  does  depend  on 
the  Rayleigh  number  for  the  parameter  regime  studied.  An  important  distinction  is 
whether  the  amplitude  of  the  superrotation  is  sensitive  to  the  full  Rayleigh  number  or 
to  the  heat  flux  itself.  The  results  at  this  point  are  still  indecisive.  If  the  total  Rayleigh 
number  is  key,  then  the  use  of  large  eddy  viscosities  is  justifiably  compensated  by  the 
use  of  large  heat  fluxes.  If  on  the  other  hand,  the  effect  of  the  viscosity  saturates  at 
some  limit  (still  far  from  the  molecular  limit)  then  possibly  the  velocities  resulting 
from  realistic  heat  fluxes  will  be  considerably  smaller.  For  the  parameter  regime 
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we  have  been  able  to  explore  this  questions  remains  open.  We  find  that  beyond  a 
certain  limit  the  Prandtl  number  becomes  irrelevant  due  to  the  small  diffusivities, 
and  although  Rayleigh  numbers  will  grow  for  such  a  case,  effectively  the  circulation 
will  not  change.  In  general  we  find  that  using  smaller  Ekman  numbers  and  larger 
Rayleigh  numbers  (which  are  in  the  direction  of  more  realistic  numbers),  will  result  in 
more,  and  smaller  scale,  convection  rolls  and  a  resulting  superrotation  which  is  more 
latitudinally  confined. 

Other  possible  solutions,  such  as  ones  with  multiple  layers  of  convection  columns, 
which  currently  naturally  appear  during  spin-up,  but  usually  are  sheared  apart  as  the 
model  spins-up  toward  having  one  layer  of  cyclonic  convection  columns,  have  been 
shown.  Since  for  the  lower  Ekman  number  cases  these  solutions  are  sustained  for  a 
longer  period,  despite  the  shear  being  large,  we  suggest  that  in  high  resolution  runs 
we  may  find  such  solutions  which  are  stable. 
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Chapter  7 


Formation  of  Multiple  Zonal  Jets  by 
Baroclinic  Instability 

7.1  Introduction 

In  this  chapter  we  use  a  simplified  model  to  look  at  a  different  aspect  of  the  dynamics. 
The  full  GCM  has  been  instrumental  in  understanding  the  mechanism  for  superro¬ 
tation  and  the  dynamics  arising  from  convection  in  a  rotating  spherical  deep  system. 
VVe  have  seen  the  formation  of  columnar  modes  which  propagate  eastward  due  to  the 
background  planetary  vorticity  gradient.  The  mechanism  causing  the  propagation  of 
these  modes  is  similar  to  that  of  a  standard  Rossby  wave  on  the  exterior  of  a  sphere, 
only  that  the  planetary  vorticity  gradient  is  in  the  opposite  direction,  thus  growing  as 
one  goes  to  lower  latitudes  (the  equivalent  of  moving  radially  outward  in  the  interior 
of  a  sphere). 

The  opposite  planetary  vorticity  gradient  can  be  thought  about  in  terms  of  conser¬ 
vation  of  vorticity  in  column  of  fluid.  If  constrained  to  a  thin  spherical  shell  then  as  as 
a  fluid  column  moves  towards  the  axis  of  rotation  the  fluid  column  shrinks  in  length, 
and  therefore  this  would  be  equivalent  to  a  sloping  surface  with  a  positive  slope,  as 
the  planetary  vorticity  grows,  and  therefore  a  positive  /?  effect.  On  the  other  hand 
columns  which  penetrate  the  depth  of  the  planet  as  we  have  seen  in  our  GCM  (Figure 
4.13),  will  stretch  as  they  move  towards  the  axis  of  rotation,  and  therefore  will  be 
ecpiivalent  to  having  an  opposite  sloping  surface  to  conserve  planetary  vorticity  which 
is  equivalent  to  a  negative  /3  effect.  Following  the  approach  of  Ingersoll  and  Pollard 
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(1982)  we  have  shown  that  for  an  anelastic  fluid  the  radially  varying  density  profile 
will  cause  a  larger  magnitude  negative  The  equivalent  ^  for  both  the  Boussinesq 
and  anelastic  cases  can  be  seen  in  Figure  5.9. 

We  have  discussed  the  two  very  different  and  essentially  decoupled  approaches  used 
to  model  the  atmospheres  of  the  giant  planets  (section  1.3).  We  have  shown  that  the 
deep  approach  which  we  have  taken  for  our  convection  model  can  explain  some  ele¬ 
ments  of  the  dynamics  such  as  superrotation,  meridional  poleward  heat  transport  and 
possibly  some  of  the  waves  observed  within  the  equatorial  superrotation.  However,  el¬ 
ements  such  as  the  formation  of  multiple  zonal  jets  do  not  appear  in  the  deep  anelastic 
model.  Our  simulations  indicate  that  possibly  a  higher  resolution  model  with  smaller 
viscosities  will  be  able  to  produce  more  meridional  structure  in  the  zonal  wind  field. 
Examples  of  such  solutions  we  present  in  section  6.2.  Nevertheless,  the  similarity  of 
the  observations  to  weather  patterns  seen  on  Earth,  and  the  existence  of  a  thin  but 
important  stably  stratified  layer  at  the  top  of  the  atmosphere  due  to  solar  insulation, 
leads  us  to  assume  that  there  are  important  components  to  the  dynamics  beyond  the 
convectively  driven  system. 

Therefore  in  this  chapter  we  look  at  a  simplified  model  which  contains  components 
from  both  the  shallow  and  the  deep  approaches.  We  use  a  two  layer  quasigeostrophic 
model  where  the  upper  layer  is  a  standard  quasigeostrophic  layer  on  a  0  plane,  and 
the  lower  layer  represents  the  deep  interior  convective  columnar  structure  using  a 
negative  0  plane.  The  model  is  shallow  in  the  sense  that  is  quasigeostrophic  and  the 
jets  are  created  by  interactions  of  the  eddies  on  a  plane.  However,  the  presence 
of  the  negative  0  for  the  bottom  layer  makes  the  dynamics,  and  particularly  the 
criterion  for  baroclinic  instability,  quite  different  than  a  standard  quasigeostrophic  0 
plane  model.  We  suggest  that  the  interaction  between  the  isentropic  interior  and  the 
‘'weather  layer”  drives  the  multiple  zonal  jets. 

This  approach  can  be  distinguished  from  previous  shallow  type  models  in  several 
aspects.  First,  due  to  the  weak  meridional  temperature  in  the  upper  atmosphere  of 
the  giant  planets,  baroclinic  instability  has  been  assumed  to  play  a  minor  role  in 
the  dynamics  of  the  jets.  However  as  we  show,  due  to  the  different  geometry  in  the 
interior,  even  a  weak  baroclinic  shear  can  result  in  substantial  zonal  flows  that  are 
stronger  than  the  eddy  field,  and  moreover  baroclinic  instability  introduces  a  strong 
meridional  variability  in  the  velocity  held.  The  instability  acts  as  an  energy  source 
for  the  eddies,  and  the  nonlinear  eddy-mean  interactions  act  to  stabilize  the  flow. 
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Therefore  unlike  previous  shallow  water  or  quasigeostrophic  models  which  use  either 
random  forcing  or  deal  with  decay  of  strong  initial  perturbations,  leaving  it  unclear 
how  such  a  state  can  be  maintained,  this  model  accounts  for  the  energy  of  the  eddies 
through  baroclinic  instability.  Baroclinic  instability  provides  an  energy  source,  so 
that  energy  does  not  have  to  be  pumped  in  to  maintain  the  jets.  Other  baroclinic 
instability  models  (Panetta,  1993;  Williams,  2003),  require  large-scale  baroclinicity 
strong  enough  to  satisfy  the  Charney-Stern  theorem,  but  which  may  be  larger  than 
the  level  of  baroclinicity  on  the  giant  planets. 

Second,  the  observed  winds  violate  the  barotropic  stability  condition  (Ingersoll  and 
Cuong,  1981),  thus  ^  —  Uyy  <  0  at  some  latitudes,  although  the  zonal  winds  appear  to 
be  very  stable.  In  contrast,  all  of  the  shallow  models  produce  curvatures  Uyy  which  are 
smaller  than  /?,  so  that  the  predicted  jets  are  weaker  or  wider  than  the  Jovian  ones. 
We  find  that  /?  and  Uyy  have  similar  values  (thus  the  barotropic  stability  condition 
is  violated)  and  still  the  jets  are  shown  to  be  stable.  Third,  most  previous  model 
assume  a  boundary  at  a  depth  of  about  one  scale  height,  with  the  fluid  below  being 
motionless.  Although  this  model  is  not  deep  due  to  the  quasigeostrophic  assumptions 
we  show  that  the  jets  in  the  upper  levels  are  maintained  and  are  baroclinic  when  the 
bottom  layer  gets  deeper.  Using  the  negative  d  assumption  gives  some  representation 
of  the  deep  dynamics  seen  in  the  full  convection  model.  Finally,  in  many  cases  (e.g. 
Panetta,  1993)  the  jets  are  obvious  only  in  the  zonally  or  time  average  profiles,  while 
here  the  jets  are  seen  in  the  instantaneous  picture  as  well.  A  main  difference  is  that  in 
those  models  the  scales  of  both  the  instability  and  the  resulting  jets  are  on  the  order 
of  the  Rossby  deformation  radius,  while  here  there  is  a  scale  separation  between  the 
instability  which  is  much  smaller  than  the  jets  which  are  again  on  the  scale  of  the 
deformation  radius. 

Several  authors  have  used  this  idea  of  a  negative  (3  plane.  Ingersoll  and  Pollard 
(1982)  developed  a  stability  criterion  for  columnar  motions  inside  of  a  compressible 
fluid  sphere.  Their  equivalent  barotropic  stability  equation  has  an  effective  d  which  is 
negative  and  three  times  the  value  from  the  sphericity  of  the  planet.  On  Jupiter  and 
Saturn  the  observed  winds  are  close  to  marginal  stability  according  to  this  criterion. 
Yano  and  Flierl  (1994)  have  used  a  negative  bottom  layer  /?  to  demonstrate  its  effect 
on  an  isolated  vortex  like  Jupiter’s  giant  red  spot  in  a  zonal  jet,  and  Yano  (2005) 
suggested  that  this  can  effect  the  direction  of  the  equatorial  jet.  We  will  show  that 
having  different  and  opposite-signed  0  values  in  the  shallow  and  deep  layer  makes  the 
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dynamics  different  and  favorable  for  creating  jets  even  for  weak  baroclinic  shears. 

We  begin  with  analysis  of  the  stability  problem  in  a  two  layer  quasi-geostrophic 
model  similar  to  the  Phillips  model  (Phillips,  1954),  but  with  the  lower  layer  deeper 
than  the  upper  layer  and  having  a  different  geometry  represented  by  the  different  /3. 
Unstable  modes  appear  at  high  wave  numbers  for  low  shears,  implying  there  may  be 
a  significant  scale  separation  between  the  eddies  and  the  mean  flows  generated  by 
the  nonlinear  interactions  and  the  energy  cascade.  Next,  since  the  fastest  growing 
mode  is  the  key  contributor  to  the  initial  instability,  we  develop  an  analytical  theory 
for  the  nonlinear  problem  containing  of  only  this  mode  and  zonal  flow  corrections. 
This  truncated  model  which  is  presented  in  section  7.4  gives  an  analytic  expression 
for  an  induced  zonal  flow  which  has  a  multi-jct  meridional  structure,  and  which  is  not 
limited  to  the  weakly  supercritical  case  (Pedlosky,  1970)  so  that  it  can  be  as  strong 
as  the  eddies.  We  show  that  this  model  can  reduce  to  the  weakly  supercritical  case 
in  section  7.5. 

Then,  using  a  pseudo-spectral  fully  nonlinear  numerical  model  containing  many 
initial  modes,  we  show  that  indeed  an  induced  zonal  flow  with  a  multi-jet  meridional 
structure  is  generated  from  the  baroclinic  instability.  The  truncated  model  predicts 
well  both  the  number  of  jets  and  their  amplitudes.  This  emphasizes  the  importance 
of  the  truncated  model  which  allows  us  to  isolate  the  physical  mechanism  of  the  jet 
formation  before  the  system  becomes  turbulent.  In  time,  as  more  unstable  modes  are 
generated,  quasigeostrophic  turbulence  begins  and  an  inverse  energy  cascade  gener¬ 
ates  wider  and  stronger  jets.  Once  the  meridional  scale  of  the  jets  has  reached  the 
Rhines  scale,  these  jets  become  stable  and  in  most  cases  have  a  bigger  amplitude 
than  the  eddy  field,  thus  creating  a  multi-jet  structure  across  the  whole  channel.  A 
complete  description  of  the  numerical  experiments  is  given  in  section  7.6. 

A  few  mechanisms  govern  the  generation  and  stability  of  the  zonal  jets:  baroclinic 
instability  extracts  energy  from  the  basic  shear  at  high  wave  numbers  to  form  small 
scale  eddies,  eddy  interaction  creates  an  induced  zonal  flow  with  a  strong  meridional 
variation,  and  eddy-mean  flow  interaction  creates  exchange  of  energy  between  the 
eddies  and  the  mean  flow  which  stabilizes  the  flow.  The  truncated  model  allows  us  to 
isolate  these  phenomena.  Baroclinic  instability  tends  to  sharpen  and  intensify  the  jet 
once  it  is  created  while  quasi-geostrophic  turbulence  will  tend  to  cascade  the  energy 
into  larger  scales.  Both  effects  can  be  seen  in  the  numerical  experiments.  A  discussion 
of  these  mechanisms  and  its  relation  to  the  Jovian  jets  is  given  in  section  7.7. 
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7.2  The  Two-Beta  Model 


VVe  use  a  two  layer  quasigeostrophic  model  (Phillips,  1954),  with  a  simple  shear  flow 
on  a  /?  plane  in  a  zonal  channel  of  meridional  width  L.  The  layer  thicknesses  are 
different,  such  that  the  upper  layer  is  much  shallower  than  the  lower  layer,  in  order  to 
represent  a  thin  weather  layer  and  a  deep  adiabatic  interior.  Although  the  two-layer 
model  is  often  thought  of  as  representing  homogeneous  incompressible  fluids  with  the 
deep  layer  having  a  slightly  larger  density,  Flierl  (1992)  argues  that  an  isentropic 
interior  with  a  thin  weather  layer  of  higher  entropy  gives  the  same  equations.  In 
order  to  parametrize  the  deep  layer  flows  (Ingersoll  and  Pollard,  1982),  we  use  a 
negative  d  plane  in  the  bottom  layer  and  a  standard  0  plane  for  the  upper  layer,  as 
discussed  in  section  7.1.  The  opposite-signed  0's  make  the  stability  problem  quite 
different  from  the  classical  case  (c.f.  Pedlosky,  1970).  There  is  a  free  interface  between 
the  two  layers  whose  horizontal  height  gradient  is  related  to  the  difference  in  pressure 
gradients  within  the  layers.  The  quasigeostrophic  inviscid  potential  vorticity  equation 
for  each  layer,  dimensioalized  in  the  standard  way  as  in  Pedlosky  (1987)  is 


^  d 

dt  ^  dx  dy 


d^„  d 


[V2^„  + 


dy  dx 

(-i)"F„(^'.-^2)  +  ^„y]  =  0. 


(7.1) 


where  n  denotes  the  layer,  'Fn  is  the  stream-function  and  F„  is  the  non-dimensional 
Froude  number  given  by 


F„  = 


a'Dn 


(7.2) 


where  /  is  the  Coriolis  parameter,  g'  is  the  reduced  gravity,  and  is  the  layer  depth. 
For  future  notation  we  denote  the  full  potential  vorticity  in  each  layer  as 


n„  =  +  (-!)"  F„  (^'i  -  ^2)  +  0ny-  (7.3) 


VVe  will  assume  the  simplest  basic  state  with  a  uniform  flow  in  each  layer. 


^On  —  ^nV' 


(7.4) 
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The  total  streamfunction  is  composed  of  the  mean  part  (7.4)  and  a  perturbation 


=  ^On  +  <An 


(7.5) 


and  the  equation  for  the  perturbation  stream  function  is 

+  [(“!)”  —  D2)  +  ^n]  9n)  =  0  (7.6) 


where 

gn  =  +  (-!)"  02)  (7.7) 

is  the  perturbation  potential  vorticity  and  J{(j)n,  Qn)  is  the  Jacobian  of  streamfunction 
and  potential  vorticity.  The  boundary  conditions  on  the  walls  of  the  channel  at 
y  =  0, 1  are  that  the  meridional  velocity  vanishes  and  the  zonally  averaged  circulation 
on  the  two  walls  is  conserved  (Phillips,  1954)  so  that 


d^n 

dx 


=  0 


dy 


dx  =  0 


(7.8) 


7.3  Linear  Stability  Analysis 

VVe  begin  by  addressing  the  linear  stability  problem  in  a  similar  fashion  to  Phillips 
(1954)  and  Pedlosky  (1970).  Wave  solutions  which  satisfy  the  boundary  conditions 
(7.8)  can  be  found  in  the  form 

<t>2  =  ')4>\  =  sin  {rmry)  (7.9) 

where  m  is  an  integer,  k  is  the  zonal  wavenumber,  A  is  the  amplitude  of  the  wave  in 
the  upper  layer,  and  7  is  the  ratio  between  the  amplitude  of  the  perturbation  in  the 
lower  to  that  of  the  upper  layer.  Only  k  is  restricted  to  be  real.  Substituting  (7.9) 
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Figure  7.1:  Stability  curves  for  the  two  (3  case  for  the  vertical  shear  as  function  of  the 
total  wave  number  .  The  contours  are  of  the  growth  rate  in  non-dimensional  units, 
and  the  parameters  used  here  are  F\  =  100,  F2  =  20,  d\  =  10,  and  82  —  ~30. 


into  (7.6)  and  solving  the  linear  eigenvalue  problem  gives  the  dispersion  relation 


_  j,  T5  -I-  2F2  82  +  F’l )  -l-  8\  T  -^2) 

""  “  '  ^  T  -p  F,  +  F2  2k2  (k2  +  F,  +  F2) 

+  2Usk^  [(^2  -  ^1)  («'*  -  2F,F2)  +  {82FX  -  8xF2)\ 

+  [{k^  +  F,)  82  -  +  F2)  8xY  +  4F’,F25,/?2}' 

where  Us  =  U\  —  U2  and  =  k'^  +  U  where  I  =  mn.  The  solution  also  gives  an 
expression  for  the  ratio  between  the  perturbation  amplitude  in  each  layer 


^_FWs^ 

F,  F,(F, -c)- 


(7.11) 


As  seen  in  Figure  7.1  the  short  wave  cut-off  for  classical  two-layer  baroclinic  in¬ 
stabilities  has  disappeared  and  the  marginal  instability  curve  has  a  tail  towards  the 
high  wave  numbers.  This  effect  does  not  require  the  bottom  layer  8  to  be  negative, 
only  to  differ  from  the  upper  one  as  shown  by  Steinsaltz  (1987)  for  the  case  of  a  slop¬ 
ing  bottom  or  by  Robinson  and  McWilliams  (1974)  for  a  case  of  a  varying  bottom 
topography.  However,  the  form  of  the  potential  vorticity  (7.3)  shows  that  for  cases 
where  the  sign  of  8  is  different  in  the  two  layers,  the  necessary  condition  for  instability 
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can  be  reached  for  arbitrarily  weak  shears,  and  analysis  of  (7.10)  shows  that  this  tail 
asymptotes  to  zero  shear  as  k  ^  oo  (Figure  7.1).  Therefore,  baroclinic  instability 
may  arise  with  the  maximum  growth  rate  at  high  wave  numbers  even  when  the  shear 
is  very  small.  As  seen  in  Figure  7.1,  the  growth  rate  for  a  very  small  shear  may  itself 
be  very  small,  and  may  seem  insignificant,  but  since  the  observed  zonal  jets  on  the 
outer  planets  are  long  lived,  an  energy  source  from  the  weak  instability  may  suffice. 

The  form  of  c  (7.10)  is  symmetric  in  the  meridional  and  zonal  wavenumber.  Apri- 


2  4  6 

k/n 


Figure  7.2:  Growth  rates  in  horizontal  wave  number  space  for  the  two  0  case.  The 
X  axis  is  the  zonal  wave  number  and  the  y  axis  is  the  meridional  one  (divided  by 
tt).  The  growth  is  confined  to  a  band  of  few  wave  numbers.  Due  to  the  boundary 
conditions,  the  fastest  growing  mode  (in  this  case  =  5,  /„  =  3  -  marked  with  an  x) 
is  not  necessarily  the  gravest  mode.  The  parameters  used  here  are  Fi  =  100,  F2  =  50, 
=  10,  02  =  -30  and  Us  =  0.153. 


ori,  one  might  think  that  the  lowest  meridional  wave  number  for  a  given  shear  will 
be  the  most  unstable  (since  the  growth  rate  is  kCi{K)  =  \/ k?  —  Uci{K))  so  that  the 
growth  will  not  generate  much  meridional  structure.  However,  the  meridional  and 
zonal  wave  numbers  must  be  quantized  as  multiples  of  tt  to  satisfy  the  boundary 
condition  in  the  channel,  and  for  weak  shears  the  band  of  unstable  wave  numbers  is 
thinner  than  tt  in  wave  number  space.  Thus  for  a  given  shear  it  may  be  that  only 
high  meridional  wave  numbers  are  unstable.  This  is  demonstrated  in  Figure  7.2. 
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7.4  The  Nonlinear  Truncated  Model 


The  linear  stability  analysis  implies  that  the  short  wave  perturbations  will  become 
dominant  for  weak  shears.  In  relation  to  the  Jovian  jets  this  implies  the  possibility 
of  baroclinic  instability  creating  a  highly  varying  meridional  structure.  Of  course, 
this  must  be  tested  in  a  full  numerical  model,  and  obvious  questions  are:  can  this 
meridional  variation  evolve  into  zonal  jets?  And  if  so,  are  the  zonal  velocities  stable 
over  time?  In  section  7.6  we  use  a  full  nonlinear  numerical  model  to  test  this.  However, 
before  doing  that,  we  can  get  some  insights  by  solving  the  nonlinear  system  truncated 
to  a  perturbation  in  one  wavenumber.  Although  this  restricts  the  nonlinear  nature  of 
the  solution,  the  band  of  initial  growing  modes  in  the  two  ^  case  is  limited  (Figure 
7.2),  so  that  this  solution  actually  reproduces  quite  well  (Figure  7.5)  the  initial  stages 
of  the  fully  nonlinear  solution  obtained  numerically  in  section  7.6. 

Therefore,  we  proceed  to  examine  the  nonlinear  dynamics  with  taking  the  per¬ 
turbation  to  have  only  one  zonal  wave  number  and  one  meridional  wave  number. 
Rewriting  (7.6)  in  terms  of  the  barotropic  Ht^,  and  baroclinic  He,  components 
gives 

0  (7.12) 

0  (7.13) 


dt 


—Hr  +  J  ('I'r,  n^)  -f  J  ('Pc^  He)  = 
Uc  H-  J  ('I^T  klc)  d"  J  He)  = 


where  the  barotropic  and  baroclinic  components  of  the  potential  vorticity  are 

(7.14) 

(7.15) 

and  6  =  ^  is  the  layer  depth  ratio.  The  same  structure  applies  for  the  barotropic 
and  baroclinic  stream  functions  and  The  parameter  ^  comes  from  the 

unequal  upper  and  lower  layer  thicknesses.  Split  into  a  basic  state  and  a  perturbation 
and  using  (7.3)  and  (7.4),  the  barotropic  and  baroclinic  potential  vorticities  and 
streamfunctions  are 


Tlx 

Uc 


dH]  -|-  YI2 


1 +<5 
n/J 


1+6 


(0.-02) 
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(7.16) 

(7.17) 

(7.18) 


Ot’ 


nc 


4>t 


[5^1  +  ^2)  y  _  ^ 

- j— - \-  qr  =  QtV  +  Qt 

j  ^  {P\  ~  02)  +  {F\  +  F2)  Uc 


y  +  qc  =  QcV  +  qc 


(7.19) 


where  Uc  is  the  baroclinic  shear,  and  0  and  q  are  the  perturbation  stream  function  and 
potential  vorticity  respectively.  Note  that  the  basic  state  barotropic  streamfunction 
has  been  taken  to  be  zero.  This  can  be  done  due  to  the  Galilean  invariance  of  the 
two-layer  system.  Then  the  barotropic  and  baroclinic  equations  (7.12,  7.13)  take  the 
form 

d  d  d  d 

+  Vc-g-^qc  +  Qrg^'t’c  + 

+J  {(j)Ti  qr)  +  J  {(Pc,  qc) 
gqc  +  he  +  ig^qc)  +  QTg^<h 

\  +  ^<?^C)9c)  +  J  (4>c-,qT) 


=  0  (7.20) 

=  0  (7.21) 


We  express  the  solution  as  a  single  potential  vorticity  perturbation  wave  which  satis¬ 
fies  the  boundary  conditions  (7.8)  of  the  form 


qr  =  q'-p  {t)  sin  {ly)  +  c.c.  (7-22) 

yc  =  q'c  (i)  (ly)  -t-  c.c.  (7.23) 


and  then  the  perturbation  stream  functions  can  be  expressed  via  the  inv'ersion  relation 
so  that 


<1>T 

4>c 


—qr 


-qc 

k2  +  Fi  +  F2 


(7.24) 

(7.25) 
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The  main  advantage  of  writing  the  quasi  geostrophic  potential  vorticity  equations  in 
this  form  is  that  when  plugging  (7.22-7.25)  into  (7.20,7.21)  the  Jacobians  from  the 
barotropic  equation  (7.20)  vanish,  while  the  baroclinic  nonlinear  contribution  (7.21) 
gives 


ikl  (Fi  +  F2) 
(k2  +  F,  +  F2) 


J  +  J  = 

sin  (2ly) 


Qc^t  ~  QcQt 


(7.26) 


This  is  where  the  truncated  nature  of  the  solution  appears.  The  nonlinear  baroclinic 
interaction  gives  a  zonal  mean  correction  to  the  basic  flow  with  a  specific  meridional 
structure  which  depends  on  the  choice  of  the  truncated  mode.  Nevertheless,  as  men¬ 
tioned  in  the  linear  analysis  (which  applies  when  the  perturbation  is  small)  since  the 
band  of  growing  modes  contains  only  few  modes  (Figure  7.2)  an  approximation  of 
only  one  growing  mode  turns  out  to  be  a  fair  approximation.  Since  the  basic  zonal 
flow  is  fixed,  we  can  specify  this  mode  to  be  the  fastest  growing  mode.  Therefore  we 
can  split  the  baroclinic  equation  (7.21)  in  two:  one  part  for  the  linear  perturbation, 
and  another  for  the  nonlinear  correction.  From  the  solution  to  the  nonlinear  part 
(7.26)  we  can  approximate  the  structure  of  the  nonlinear  correction  to  the  potential 
vorticity  as  having  the  form 


qc  =  q'c  {t)  sin  {2ly) .  (7.27) 

This  form  is  unlike  the  linear  perturbation  part  (7.7,  7.9),  having  no  zonal  dependence 
and  a  different  meridional  structure.  This  nonlinear  correction  to  the  basic  baroclinic 
state  must  also  satisfy  the  two  boundary  conditions  given  by  (7.8).  In  order  to  ensure 
this,  we  use  the  inversion  relation  from  (7.7)  for  the  zonally  averaged  case 

(t>c  =  ^  (7.28) 

which,  when  solved  for  (l)c  with  the  boundary  conditions,  gives  a  correction  to  the 
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basic  zonal  velocity 


Uc 


4/2  +  Fi  +  F2 


•  cos  {2ly)  — 


cosh  [y/Fi  +  F2  (?/  -  ^)] 
cosh  (^) 


(7.29) 


This  result  is  similar  in  form  to  that  found  for  the  weakly  nonlinear  theory  by 
Pedlosky  (1970).  Here  though,  the  weakly  nonlinear  requirement  is  relaxed  (but 
replaced  by  a  truncation  assumption)  and  this  correction  may  extend  into  the  highly 
supercritical  regime,  as  we  show  in  the  numerical  experiments  in  section  7.6.  The 
amplitude  of  this  zonal  flow  is  not  limited  to  the  weakly  varying  parameter  and,  in 
fact,  can  be  stronger  than  the  eddies  themselves. 


Figure  7.3:  The  analytical  baroclinic  induced  zonal  velocity  Uc  (7.29)  from  the  trun¬ 
cated  model  as  function  of  the  channel  width  for  the  first  four  meridional  modes. 

Figure  7.3  shows  the  shape  of  the  mean  flow  correction  for  the  first  few  modes, 
and  indicates  that  for  the  higher  modes  we  expect  to  get  a  multi-jet  meridional  struc¬ 
ture.  This  baroclinic  contribution  tends  to  reduce  the  shear  rather  than  increase  it, 
causing  oscillations  in  the  amplitude  of  the  perturbation  in  the  classical  weakly  su¬ 
percritical  case  (Pedlosky,  1970);  once  the  correction  reduces  the  shear  enough  it  goes 
back  into  the  stable  regime,  halting  the  growth  until  the  effect  of  the  nonlinearities 
decreases,  and  the  cycle  repeats.  Here,  since  the  flow  may  be  strongly  rather  than 
weakly  supercritical  the  nonlinear  wave  effects  may  not  be  enough  to  halt  the  growth. 
For  the  cases  of  high  wave  number  perturbations,  though,  the  growth  band  (Figure 
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7.2)  becomes  narrow  in  wave  space  so  that  the  effect  of  the  nonlinear  correction  is 


similar  to  that  of  the  weakly  nonlinear  case,  and  the  perturbation  may  reach  a  steady 


equilibrium.  These  oscillations  can  be  seen  in  Figure  7.4. 

The  truncation  and  the  separation  of  the  nonlinear  part  out  of  the  baroclinic 
equation  allows  us  not  only  to  find  the  baroclinic  induced  zonal  velocity  Uc^,  but 
to  solve  for  the  perturbation  amplitudes  and  the  baroclinic  mean.  We  can  write 
the  truncated  system  as  a  closed  system  of  three  equations  for  three  unknowns;  the 
perturbation  amplitudes  ^he  baroclinic  mean  .  The  specifics  of  this 

derivation  are  given  in  Appendix  (B.l).  The  resulting  system  is 


(7.30) 


(7.31) 


and  the  operators  N  and  L  are  given  in  Appendix  (B.l)  as  well. 


This  solution  is  shown  in  Figure  7.4  which  plots  the  evolution  of  enstrophy  in  time  for 
the  linear  case,  the  truncated  nonlinear  case,  and  a  full  nonlinear  model  containing 
many  modes  (section  7.6).  This  example  shows  how  the  nonlinearities  stabilize  the 
initial  instability  in  both  the  truncated  and  full  model. 

Since  the  initial  perturbation  is  small,  and  the  system  is  baroclinically  unstable, 
the  perturbations  in  all  models  grow  similarly.  When  the  effect  of  the  nonlinearities 
is  large  enough,  the  nonlinear  models  separate  from  the  linear  model  and,  since  the 
perturbation  is  dominated  by  the  most  rapidly  growing  mode,  the  truncated  model 
with  only  this  mode  gives  a  reasonable  estimate  of  this  separation  point.  Then  the 
truncated  model  begins  to  oscillate  by  exchanging  energy  between  the  perturbations 
and  the  basic  flow,  whereas  the  full  model  (which  resolves  harmonics  neglected  in 
the  truncation)  equilibrates  with  a  much  more  steady  amplitude.  In  general  this 
truncated  solution  captures  well  when,  where,  and  how  the  interaction  with  the  mean 
flow  halts  the  instability.  We  have  seen  a  somewhat  similar  interaction  between  the 
nonlinearities  and  the  mean  flow  in  the  convection  model  (section  5.1).  There,  the 
nonlinear  eddy  fluxes  induced  a  mean  zonal  velocity  and  then  acted  to  exchange 
energy  between  the  upgradient  momentum  fluxes  and  the  viscous  fluxes  (see  Figures 
5.1  and  5.2). 
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Figure  7.4:  The  enstrophy  as  a  function  of  time.  The  dash-dot  line  is  the  linear  growth 
rate  for  the  fastest  growing  mode  using  the  linear  growth  rate  from  (7.10).  The  dashed 
line  is  the  growth  calculated  from  the  truncated  model  (7.30  and  7.31).  This  shows 
that  when  the  perturbation  is  small  the  system  aligns  with  the  linear  growth  rate, 
until  the  nonlinear  terms  become  dominant  and  the  system  begins  oscillating  while 
exchanging  energy  between  the  eddies  and  the  mean  flow.  The  solid  line  is  the  result 
for  the  full  nonlinear  system  (run  S4)  which  qualitatively  follows  the  truncated  model 
but  contains  many  modes  and  therefore  does  not  have  a  pure  oscillation  . 


In  summary,  the  truncated  model  allows  us  to  examine  qualitatively  the  nonlinear 
interactions  which  have  several  roles.  First,  they  create  an  induced  zonal  flow  with 
a  highly  varying  meridional  structure  which  (as  we  show  in  section  7.6)  may  be 
stronger  than  the  eddies  and  therefore  have  the  potential  of  becoming  zonal  jets. 
Second,  this  induced  flow  stabilizes  the  growing  perturbations.  This  “toy  modef’ 
provides  a  closed  system  of  equations  for  the  perturbation  amplitude  in  both  layers 
and  the  change  in  the  basic  flow  due  to  nonlinearities,  without  requiring  the  system 
to  be  only  slightly  supercritical;  for  such  cases  the  correction  due  to  the  nonlinearities 
becomes  significant  (as  opposed  to  being  on  the  order  of  the  departure  from  the 
critical  curve)  and  a  strong  multi-jet  structure  may  emerge.  Indeed,  since  the  high 
wave  number  instability  dominates  the  two  /?  case,  we  might  expect  multiple  jets  for 
a  weak  baroclinic  shear. 
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7.5  The  Weakly  Supercritical  Limit 


Most,  previous  treatments  of  nonlinear  baroclinic  instability  have  required  the  system 
to  be  weakly  supercritical  (e.g.  Pedlosky,  1970).  Instead,  we  have  truncated  the 
system  to  one  unstable  mode.  Here  we  present  the  truncated  model  in  the  limit 
where  the  shear  is  taken  to  be  just  slightly  supercritical.  This  limit  corresponds  to 
the  weakly  supercritical  theory  of  Pedlosky  (1970),  except  that  we  allow  for  the  more 
general  case  of  different  layer  depths  and  a  variable  0.  If  we  vary  the  value  of  the 
critical  shear  by  a  small  parameter  A,  so  that  it  slightly  exceeds  the  critical  value 


bs  —  Tc  +  A, 


(7.32) 


then  the  imaginary  part  of  the  linear  growth  rate  (7.10)  becomes 


A^ 


Ci  = 


{bW  {k^  -  4F,F2) 


V2k  (k,2  +  Fi  +  F2) 

+  [(^2  -  0i)  («'■  -  2F1F2)  +  (/?2F,  -  0,F^Y 


(7.33) 


Thus  it  is  proportional  to  A^.  Therefore  we  follow  Pedlosky  (1970)  and  define  a  slow 
time  scale,  F,  such  that 


dt 


d  a 

- h  A  2 - . 

dt  dT 


(7.34) 


With  these  expansions  we  are  able  to  obtain  an  analytic  solution  to  the  system  of 
equations  (7.30,7.31).  The  small  variation  to  the  shear  Uo  Uq  +  A  leads  to  an 
expansion  of  the  operators  in  (7.30) 


L  —  Lq  +  AL2, 


(7.35) 


and  we  assume  the  system  is  weakly  nonlinear  so  that  N  will  be  0(A).  The  op¬ 
erators  themselves  are  given  in  Appendix  (B.2).  We  expand  the  potential  vorticity 
perturbation  (7.7)  as  well 


q  = 


9o  +  A  2  -l-  Aq2  +  O  ^A2^ 


(7.36) 
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By  the  choice  of  cq  as  the  neutral  phase  speed  qo  does  not  depend  on  t.  Expanding 
(7.30)  in  powers  of  A^,  gives 

O  ^A5  j  :  i/c  (Lo  -  cqI)  qo  =  0 

d  d 

o  (A)  :  — qi  +  ik  (Lq  -  cqI)  qi  +  ^qo  =  0 

O^At)  :  ^q2  +  (Lo  -  Col)  q2  +  ^qi 
-\-ik  (L2  +  Qo  —  0 

Solving  this  system  with  the  equation  for  the  mean  baroclinic  correction  (full  solution 
in  Appendix  (B.2))  gives  an  amplitude  equation  for  the  growth  of  the  perturbation 

+  k\NA  (|.4|"  -  |.4  (0)1")  =  0  (7.40) 

where  A  is  the  amplitude  of  the  perturbation  and  the  nonlinear  parameter  N  is  the 
Landau  coefficient  which  is  given  also  in  Appendix  (B.2).  For  very  small  amplitudes 
the  system  thus  reduces  to  the  linear  system.  As  the  amplitude  grows  the  cubic  term 
becomes  more  dominant  and  if  N  >  0  this  term  will  act  to  slow  the  growth  and 
eventually  reverse  it.  At  a  certain  value  of  A  this  term  will  change  sign  and  begin 
increasing  the  growth,  and  thus  a  limit  cycle  is  created.  This  type  of  oscillation  is 
seen  in  Figure  7.4. 

7.6  Fully  Nonlinear  Model  and  the  Generation  of 
Multiple  Zonal  Jets 

The  truncated  model  predicts  a  multi-jet  structure  for  high  wave  number  instability. 
In  this  section  we  use  a  fully  nonlinear  numerical  model  to  explore  the  role  of  the 
other  modes  on  the  generation  of  eddies  and  jets,  and  on  the  effect  of  quasi-geostrophic 
turbulence  on  these  jets.  The  model  we  use  is  based  on  the  same  equations  analyzed 
in  the  previous  sections.  It  is  pseudo-spectral  (Boyd,  2001),  where  each  layer  has 
a  spatial  resolution  of  64x128,  is  periodic  in  the  zonal  direction,  and  is  confined 
within  a  channel  in  the  meridional  direction.  On  the  channel  walls  we  require  no 
meridional  flow  and  that  the  circulation  is  conserved  (implemented  by  requiring  the 


(7.37) 

(7.38) 

(7.39) 
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mean  ageostrophic  meridional  velocity  to  vanish). 

The  parameter  regime  is  fairly  simple  since  we  only  set  the  layer  depths  (by  setting 
the  nondimensional  Fronde  numbers),  the  P  parameters  and  the  baroclinic  shear.  If 
we  were  to  fully  compare  the  numerical  model  to  the  truncated  model  we  would  set 
the  shear  in  such  a  way  that  only  one  mode  will  be  growing  (see  Figure  7.2).  For 
our  standard  run,  following  Dowling  and  Ingersoll  (1989)  and  Ingersoll  and  Pollard 
(1982)  we  choose  the  typical  Rossby  deformation  radius  to  be  on  the  order  of  2000 
km.  This  value  corresponds  to  the  observed  scale  of  the  jets  on  Jupiter.  We  take  the 
domain  width  to  be  an  order  of  magnitude  bigger  then  the  deformation  radius,  thus 
setting  the  upper  nondimensional  Froude  number  to  be  Fi  =  100  (F„  =  The 

bottom  layer  is  taken  as  to  be  5  times  as  deep  so  that  F2  =  20.  f3\  is  set  according 
to  the  curvature  of  Jupiter  {di  =  nondimensional  value  /3\  =  10, 

with  the  characteristic  velocity  being  50  m/s  and  the  same  typical  horizontal  length 
scale  of  2E4  km.  Following  the  barotropic  stability  analysis  by  Ingersoll  and  Pollard 
(1982)  which  shows  that  d2  is  at  least  we  set  02  lo  this  value.  Their  analysis 

shows  that  this  is  a  lower  limit  for  stability  and  in  fact  a  more  negative  lower  layer  0 
will  be  stable,  but  for  our  standard  run  we  choose  this  limit.  Unlike  other  models  for 
jets  (Williams,  1979;  Panetta,  1993;  Vallis  and  Maltrud,  1993)  we  find  in  the  upper 
layer  that  the  standard  barotropic  stability  criterion  Kuo  (1949)  is  violated  (Figure 
7.14),  much  as  we  see  in  the  observations,  but  the  flow  is  still  stable.  We  refer  to 
these  values  as  our  standard  run  (denoted  with  S  and  the  run  number  -  see  Table 
7.1),  and  experiment  sets  B  and  F  show  a  sensitivity  analysis  to  the  parameters  of  the 
standard  run.  The  vertical  shear  is  set  so  that  several  growing  unstable  modes  exist, 
as  demonstrated  in  Figures  7.1  and  7.2.  Since  the  two  layer  model  is  invariant  under 
translation  (Pedlosky,  1987)  it  is  only  necessary  to  set  the  baroclinic  shear  Ui  —  U2 
and  not  the  absolute  values  of  the  basic  state  velocities. 

We  begin  all  our  experiments  with  a  small  random  potential  vorticity  perturbation 
field,  with  initial  perturbations  in  all  tt  multiple  wave  numbers  up  to  kj  =  IOtt.  Since 
the  system  is  forced  by  a  constant  vertical  shear,  eventually  the  system  becomes 
baroclinically  unstable  and  the  fastest  growing  mode  dominates.  We  denote  this 
fastest  growing  mode  with  the  notation  kmJm  such  that  k  =  km^^  and  /  =  /y^Tr.  As 
seen  in  Figure  7.4  the  enstrophy  begins  growing  in  agreement  with  linear  theory  (since 
the  amplitude  is  small).  When  the  effects  of  nonlinearity  grow  enough,  the  enstrophy 
diverges  from  the  theoretical  linear  growth  curve  as  predicted  by  the  truncated  model. 
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Figure  7.5:  The  induced  zonal  velocity  as  a  function  of  the  channel  width.  The 
solid  line  is  the  theoretical  baroclinic  correction  Uc  (7.29)  from  the  truncated  model; 
the  circles  are  the  result  from  the  nonlinear  numerical  model  (the  65  points  are  the 
meridional  resolution  of  the  grid)  towards  the  end  of  the  baroclinic  growth  stage  for 
Ui,  and  the  dashed  line  is  the  steady  state  of  the  numerical  results  after  the  inverse 
energy  cascade. 


It  can  be  seen  that  the  nonlinear  truncated  model  predicts  quite  precisely  where  this 
separation  takes  place.  Moreover,  when  we  plot  a  snapshot  of  the  top  layer  induced 
zonal  flow  Ui  at  this  time  from  the  numerical  experiments  (circles  in  F'igure  7.5),  it 
matches  well  the  truncated  model  theoretical  prediction.  The  reason  for  this  is  that 
as  long  as  the  growth  of  the  perturbation  is  dominated  by  the  fastest  growing  mode 
according  to  the  truncated  model  there  is  no  induced  barotropic  velocity.  From  the 
form  of  (7.14,  7.15)  we  can  write  the  induced  zonal  velocity  in  each  layer 

Ui  =  — T  b'z  —  — s/SIjc  4"  Tx  (7.41) 

VS 

and  therefore  the  induced  zonal  flow  in  each  layer  has  the  same  structure  as  the 
baroclinic  induced  zonal  flow  Uc-  VVe  see  exactly  a  ratio  of  S  between  of  the  amplitude 
of  the  induced  zonal  flow  in  the  upper  and  lower  layers. 

In  Figure  7.5  the  analytic  result  of  equation  (7.29)  is  plotted  for  the  cases  of 
meridional  wave  numbers  m  =  4, 8  with  the  results  from  the  full  model  for  runs  S2 
and  S14.  The  numerical  results  contain  65  points  (the  meridional  resolution  of  the 
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Tabic  7.1:  Nuiucrical  cxpcrinioiits  using  the  fully  nonliucar  pscudo-spoctral  iiiodcl.  Fi 
is  the  Fronde  number  for  the  up])er  layer;  d'  is  the  layer  depth  ratio  between  the  upper 
and  lower  layer  (and  inverse  of  the  Fronde  number  ratio);  is  the  /Tplane  parameter 
for  tlie  upper  layer;  B  is  the  ratio  i  is  imposed  baroclinic  shear;  kmJm  ai'P 
the  fastest  growing  baroelinie  modes;  A  is  the  meridional  s])e(  tral  maximum  of  the 
statistically  st('ady  stat('  averag<'d  across  the  channel  (thus  |  giv('s  an  estimate'  for  the' 
average  number  of  jets),  and  //  is  the  ratio  of  the  induced  zonal  velocity  amplitude  to 
the  eddy  amplitude  (see  text)  in  each  layer. 
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rricxk'l)  and  arc  a  siiai)slK)t  of  Ui  (wliidi  lias  tlio  sanio  structure'  as  the  Uc  h^dd  (7.41)) 
taken  just  before  the  time  when  the  two  models  diverge.  Therefore,  although  the 


■0.04 


0.02 


y 


t  =  60 


X 


10.4 
0.2 
]o 


-0.2 


r‘ 

■-0,6 


Figure  7.6:  lustantaiioous  total  zonal  velocity  fields  at  different  times  for  the  top 
layer  (run  S5).  Beginning  with  a  random  vorticity  perturbation  (a),  then  becoming 
barocliiiically  unstable  (b)  dominated  by  the  fastest  growing  mode  (in  this  case  k^.  = 
10,  Irn  =  4),  then  several  jets  are  formed  (c)  matching  the  prediction  of  the  truncated 
model,  and  cascading  to  stable  jets  (d)  with  a  typical  width  on  the  ord('r  of  tlu' 
Rhines  scale.  Full  simulations  of  the  zonal  velocity  field  for  this  run  are  available  at 
http://lake.mit.edn/~glenn/yohai/movies.html 


choice  of  only  one  mode  in  the  truncated  model  seems  initially  quite  restrictive  for 
a  nonlinear  prediction,  in  this  type  of  instability  scenario  where  the  fastest  growing 
mode  dominates  until  turbulence  develops,  the  truncation  is  quite  useful.  After  the 
models  diverge  and  more  modes  come  into  play,  the  truncated  and  the  full  numerical 
models  differ  in  the  sense  that  there  is  no  pure  oscillation  in  enstrophy  in  the  full 
model  as  in  the  truncated  model  (although  we  can  create  such  oscillations  for  special 
weakly  nonlinear  cases),  but  rather  a  noisier  (higher  frequency)  signal  (Figure  7.4). 
However,  the  amplitude  in  the  two  models  is  of  the  same  order.  Qualitatively,  this 
equilibrium  state  is  the  same  as  seen  in  the  truncated  model  for  one  mode,  except 
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Figiiro  7.7:  Zoiially  avoragod  fields  for  the  top  layer  at.  steady  state  (run  So),  left: 
potential  vorticity  (r/i):  renter:  total  zonal  velocity  (ui);  right:  streainfunction  (V’l) 

that,  as  the  energy  cascades  more  modes  apjrear,  and  the  combination  of  them  all 
creates  this  leveling  of  the  enstrophy.  Figure  7.5  then  also  shows  tin'  final  stc'ady 
state  aftc'r  tin'  inverse'  cascade,  showing  distinct  jets  with  a.  scale  set  by  the'  baroclinic 
induced  zonal  velocity  t.'V  •  The  jets  have  sharper  eastward  than  westward  winds,  due 
to  the  asymmetry  in  the  barotropic  stability  criterion  (Figure  7.14). 

The  total  zonal  velocity  in  each  layer  is  composed  of  three  com|)onents;  the  con¬ 
stant  basic  How  cre'ating  the'  ve'rtical  shear,  the  indncc'd  zonal  velocity  cr('at('d  by  tlu' 
noidinear  interaction  U„  and  the  eddy  Held  .  As  the  instability  grows,  the  imhiced 
zonal  flow  grows  by  many  orders  of  magnitude  and,  as  discussed  above,  forms  into  a 
multi-jet  structure.  Once  the  growth  is  halted,  and  the  enstrophy  settles  into  ('(piilib- 
rium,  (|ua.si-geostrophic  turbnience  causes  the  mean  horizojital  scales  to  increase.  Tin* 
inverse  energy  cascade  also  affects  the  jets  and  the  initial  multi-jet  structure  (which 
so  far  was  detc'rmined  only  by  th('  dominant  growing  mode)  breaks  down;  tln'ii  few('r 
but  stronger  jets  appear  (Figure  7.11). 

An  exami)le  of  the  formation  of  jets  is  presented  in  Figure  7.6  which  shows  snap¬ 
shots  of  the  zonal  velocity  Held  of  the  top  layer  (without  the  constant  applied  velocity 
L'l  to  emphasis  the  change  of  the  amplitude  following  the  instability)  at  different 
times.  Initially  a  small  random  p<'rturbation  is  applied  to  the  basic  state  (7.6a).  At 
some  time  the  fastest  growing  mode  (in  this  case  =  10,  =  4)  becomes  dominant 

(7.6b)  and  the  perturbation  grows  exponentially.  Then,  as  predicted  by  the  truncated 
tnod('l,  th<'  nonlinear  intc'iactions  form  several  jets  (7.6c).  In  time,  more  modes  come 
in,  the  How  becomes  turbulent,  and  an  inverse  energy  ca.scade  begins  setting  five  ma- 
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Figure  7.8:  The  transition  from  baroelinic  instability  to  jets:  Instantaneous  to¬ 
tal  zonal  velocity  fields  at  different  times  for  the  top  layer.  These  snapshots 
‘zoom  in”  on  the  transition  from  the  growing  baroelinic  perturbatioti  to  jets;  be- 
ginnitig  from  a  weak  random  eddy  field  (a)  to  a  growing  baroelinic  perturbation 
(b)  and  transitioning  to  a  jet  structure  (c)  cascading  to  larger  meridional  scales 
(d).  Full  simulations  of  the  zonal  velocity  field  for  this  run  are  available  at 
http:/  Take.mit.edu/~glenn/yohai/movics.htnd 


jor  jets  (7.6d)  in  the  channel  (two  westerly  and  three  easterly)  with  a  typical  width 
on  the  order  of  the  Rhines  scale  (Figure  7.9).  Figure  7.10  includes  arrows  for  the  total 
velocity  for  the  same  run  (S5),  indicating  the  dominance  of  the  zonal  velocities  over 
the  meridional  velocities.  In  Figure  7.7  we  show  the  top  level  zonal  mean  potential 
vorticity,  streamfunction  and  zonal  velocity  for  the  same  run  presented  in  Figure  7.6 
(So)  at  steady  state.  It  shows  the  potential  vorticity  is  dominated  by  the  background 
component,  but  the  signature  of  the  potential  vorticity  staircase  is  apparent. 

Figure  7.8  shows  a  similar  plot  to  the  one  in  Figure  7.6  but  for  a  case  of  higher 
vertical  shear,  which  grows  in  a  lower  wave  number  (A:,„  =  6,  /,„  =  3)  and  cascades 
rather  quickly  into  5  jets  and  then  one  wide  central  westerly  jet  with  two  narrower 
easterly  jets.  The  snapshots  in  this  case  are  closer  in  time  and  show  the  transition 
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Figure'  7.9:  The  j('t  width  as  a  function  of  tlu'  applie'd  shear.  The  marks  (h'liote  the' 
average  width  of  tlie  jets  in  tlie  top  layer  for  each  standard  run.  The  width  of  the  jet 
is  determined  by  a  spectral  analysis  of  the  final  statistical  steady  state,  and  averaging 
the  leading  meridional  wave  length  across  the  channel.  The  solid  line  is  the  theoretical 
value  for  the  Rhines  scale  using  the  non-dimensional  shear  and  the  ii  value  for  tin' 
upper  lay<'r. 

from  a  linearly  growing  disturbance  into  a  strong  zonal  jet. 

Geostrophic  turbulence  theory  predicts  that  after  the  .system  becomes  turbulent 
th('  typical  scale  will  ctuscade  up  to  the  Rhines  scale  L.j  =  (Rhines,  1975).  The 

relation  of  this  scale  to  the  meridional  scale  of  the  .Jovian  jets  has  been  proposed  by 
Williams  (1979).  It  can  be  seen  in  Table  7.1  that  our  numerical  results  agree  with  this 
scaling,  since  the  lower  the  shear  the  higher  the  mode  of  the  fastest  growing  mode 
might  be,  and  then  more  initial  jets  may  be  formed.  Typically,  more  jets  at  the  initial 
stages  result  in  more  jets  at  equilibrium  after  the  inverse  energy  cascade.  Figure'  7.9 
shows  the  mean  typical  scale  of  the  jets  as  function  of  the  shear  for  all  standard  runs 
(some  presented  in  Table  7.1).  The  width  of  the  jet  is  determined  by  doing  a  spectral 
analysis  of  the  final  statistical  steady  state  for  each  run  and  averaging  the  leading 
meridional  wave  length  across  the  channel.  We  can  see  that  in  general  the  final  scale 
is  governed  by  th('  Rhines  scale. 

Figure  7.10  shows  the  final  zonal  state  for  a  few  of  the  experiments  shown  in 
Table  7.1.  The  experiments  differ  in  the  applied  shear  which  sets  a  different  induced 
meridional  structure  resulting  in  a  different  statistical  steady  state  after  the  energA' 
cascade.  An  example  for  the  evolution  of  the  Lj  field  in  time  is  given  in  Figure  7.11. 

In  all  experiments  the  nonlinear  correction  U,,  which  is  initially  weak  (due  to 


175 


Figure  7.10:  Examples  of  the  final  steady  state  total  velocity  fields  for  different  runs. 
The  contours  arc  the  zonal  velocity  and  arrows  show  the  total  velocity  (zonal  and 
meridional).  The  upper  left  panel  is  run  S13  with  an  applied  shear  of  Us  =  0.0525 
and  fastest  growing  mode  =  10,  =  8:  u{)per  right  panel  is  run  S5  with  an  appli('d 

shear  of  Us  =  0.0372  and  fastest  growing  mode  kmJm  =  10,4;  lower  left  panel  is  run 
S14  with  an  applied  shear  of  Us  =  0.0562  and  fastest  growing  mode  =  8,4; 

lower  right  i)anel  is  run  F2  {6  =  0.1)  with  an  api)lie(l  shear  of  Us  —  0.037  and  fastest 
growing  mode  k^,  =  9,  7. 
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tlie  srriiill  initial  ainplitiido)  grows  substantially  to  tlio  order  of  the  basic  How.  This 
induced  zonal  velocity  always  has  a  rnulti-jet  structure,  and  therefore  since  the  basic 
flow  is  always  constant  the  cniergence  of  the  jets  depends  on  the  amplitude  ratio 
between  the  eddy  zonal  velocity  and  the  induced  zonal  velocity.  To  cpiantify  tlu' 


Time 


f'igurc'  7.11;  The  evolution  of  the  induct'd  zonal  How  of  the  top  layer  Ui  in  time.  It 
begins  from  a  weak  random  field  (a)  until  the  fastest  growing  mode  {)icks  up.  As 
tliis  mode  grows  (b),  an  induced  meridionaly  varying  flow  emerges  matching  the  pre¬ 
diction  of  the  truncated  model  for  Lv  (superimposed  by  the  dashed  line),  until  the 
nonlinearilics  become  big  enough  that  more  modes  come  in.  Then  the  How  becomes 
turbuhuit  (c);  and  the  jets  become  less  organized  (d),  diverging  from  the  initial  struc- 
tun'  of  ('(j.  (7.29).  The  jet  meridional  scah'  increases  to  the  Rhiiu's  scale  (shown  by 
the  solid  line  on  the  right),  leaving  the  system  with  five  jets  (c).  Once  it  reaches  the 
Rhines  scale  the  induced  zonal  flow  remains  stable.  A  longer  time  of  the  sanu'  run 
(So)  can  be  seen  in  the  bottom  panel  of  Figure  7.12. 

strength  of  th('  jets  we  dc'fine  a  parameter  r/  for  ('ach  layer,  as  the  ratio  of  the  nu'an 
of  the  Un  field  to  the*  mean  of  the  eddy  field  n'  averaged  over  time' 


Vn  = 


(7.42) 


Therefore  a  rj  >  1  value  is  a  flow  dominated  by  the  jets  while  a  rj  <  1  value  is  a  flow 
dominated  by  eddies.  The  //  values  for  both  layers  in  different  runs  are  given  in  Table 
7.1. 
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Figure  7.12:  The  kinetic  energy  for  the  indneed  veloeity  field  Un  nrid  the  eddy  field  (/', 
for  both  layers  as  a  function  of  time  (run  So).  The  bottom  panel  is  the  corresponding 
evolution  of  Ui  in  time  across  the  channel. 

.Alternatively,  it  is  useful  to  look  at  the  kinetic  energy  of  the  eddies  and  the  mc'an. 
Figure  7.12  shows  these  kinetic  energies  as  a  function  of  time  in  both  layers.  Due 
to  the  fact  that  the  induced  flow  is  a  consecjnence  of  eddy  interaction,  the  mean 
kinetic  energy  is  smaller  than  the  eddy  kinetic  energy  in  the  initial  stages.  However 
once  gx'ostrophic  turbulence  takes  over  and  the  energy  cascades  to  largc'r  scales,  tlu' 
kinetic  energy  is  transferred  to  the  mean  and  the  mean  zonal  flow  dominates  over  the 
eddy  field.  In  the  bottom  deep  layer  however  the  energy  remains  in  the  eddy  field, 
meaning  that  for  this  time  scale  the  flow  does  not  become  barotropic  and  the  jets  are 
concentrated  in  the  upper  layer. 


7.7  Discussion 

In  all  numerical  results  shown  above,  the  jets  are  seen  in  snapshots  of  the  total 
velocity  field  without  applying  zonal  or  time  averaging.  We  find  that  when  we  use 
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such  avc'iHging  as  is  oftc'ii  doin'  in  studies  of  jets  (c.f.  Panetta.  1993)  even  strougi'r 
jets  seem  to  be  created  and  with  a  bigger  rj  value,  yet  in  some  of  these  cases  the 
instantaneous  eddy  field  is  actually  dominant  over  the  Un  field  (r/  1),  and  the 

snapshot  plots  seem  not  to  resemble  jets.  This  is  ofti'ii  the  case  in  the  deep  layer  wIk'H' 
th('  averaged  induced  zonal  velocity  U2  is  smaller  than  f,'i  by  a  factor  of  l/(i(7.41). 
In  the  top  layer  however,  whatever  the  ap])lied  shear,  there  is  an  induced  zonal  flow 
which  is  typically  at  h'ast  as  strong  as  the  eddy  field  (t)  >  1).  This  can  be  seen  in 
Table  7.1  where  in  addition  to  the  standard  run  showing  the  relation  between  the 
applii'd  sh('ar  and  th<'  numlx'i  of  jets  (Figure  7.9),  sensitivity  studies  to  the  ratio  of 
ds  and  layer  depths  are  given.  We  find  that  the  bigger  the  absolute  value  of  the 
negative  d,  the  more  jets  exist  in  the  top  layer  (due  to  the  equivalence  to  weaker 
shear  -  Figure  7.1),  and  the  bigger  the  depth  ratio  the  weaker  is  the  induced  zonal 
velocity  in  the  bottom  lavi'r,  while  the  top  layer  is  dominated  by  jets. 

Figure  7.13  shows  on  the  left  side  panels  the  instantaneous  picture  after  the  system 
has  reached  steady  state  and  on  the  right  side  panels  the  corresjKuiding  temporally 
averaged  velocity.  The  ujiper  jianels  (run  S3,  /q  =3.1)  featun's  four  westerly  jets  and 
thri'e  ('asterly  jets  in  the  snajishot  plot,  and  indeed  the  tinu'  mean  figure  on  the  right 
shows  the  same  meridional  structure  with  similar  amplitudes.  The  middle  figure  (run 
SI,  //i  =  1.87)  shows  a  case  with  a  field  showing  some  jets  but  within  an  obvious  etldy 
fic'ld,  while  the  time  averagi'  jilot  shows  di.stinct  jets.  Fhe  bottom  panels  show  a  cas(' 
wh('r<'  the  zonal  vi'locity  field  is  dominated  by  large  eddies  (bottom  layer  of  run  S13, 
//2  =  0.28)  without  any  jots,  yet  when  averaged  the  eddies  disappear,  leaving  only  the 
induced  zonal  velocity  which  gives  an  appearance  of  a  strong  meridional  variation  and 
a  jet  structure.  Therefore  we  emphasis  that  in  this  work  we  do  not  need  to  pi'rform 
such  averaging  to  the  velocity  field,  and  the  jets  appear  in  the  instantaneous  picture. 
In  the  observations  of  the  .Jovian  planets  the  flow  field  is  established  by  tracking  cloud 
features,  and  therefore  we  expect  the  instantaneous  picture  to  be  most  elosely  related 
to  the  data. 

Th('  main  caveat  to  keej)  in  mind  n'garding  tlu'  model  we  used  here  is  th<'  as¬ 
sumed  baroclinic  structure,  which  although  converted  from  the  standard  terrestrial 
case  based  on  estimates  of  Ingersoll  and  Pollard  (1982),  still  is  (piasi-geostrophic,  a 
ciuestionable  approximation  for  deep  atmospheres.  However,  assuming  baroclinicity 
does  play  a  role  in  the  dynamics,  and  given  the  Galileo  observations  of  Jupiter  that 
imply  that  then'  is  an  upper  non-convective  layer  (Seiff  et  al.,  1996;  Atkinson  ('t  al.. 
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Figure  7.13:  Comparison  of  the  instantaneous  and  time  iriean  steady  state  total  zonal 
velocity  field  for  different  eases.  Upper  panels  show  a  case  (S3)  where  the  time  mean 
represents  well  the  instantaneous  field;  the  middle  panels  show  a  case  (Si)  where 
the  instantaneous  field  shows  some  jets  but  also  strong  eddies  that  do  not  ai)pear  in 
the  time  mean,  and  the  bottom  panels  show  a  case  (bottom  layer  of  S13)  where  the 
instantaneous  picture  is  totally  dominated  by  big  eddies  while  the  averagc'd  pict\ire 
gives  an  appearance  of  a  strong  meridional  variation. 


1996)  resembling  a  terrestrial  weather  layer,  then  this  model  may  give  some  insight  to 
the  mechanism  driving  the  .lovian  jets.  Of  course  there  is  much  more  to  be  desired  iti 
terms  of  observations  of  the  outer  planet’s  atmospheres  in  order  to  develoj)  theoretical 
understanding  of  the  deep  columnar  structure. 

One  of  the  main  (jnestions  arising  from  observations  on  .Jupiter  and  Saturn  is  that 
from  the  data  it  seems  that  the  barotropic  stability  condition  is  violated  (Ingersoll 
and  Cuong,  1981;  Smith  et  al.,  1982;  Stamp  and  Dowling,  1993),  yet  the  jets  seem 
stable  in  time.  Barotropic  instability  in  a  single-beta  model,  whether  one  or  two  lay¬ 
ers,  is  very  efficient  and  eliminates  such  gradients  quickly.  Thus,  previous  barotropic 
models  featuring  stable  jets  had  to  have  this  inconsistency  with  the  data.  Ingersoll 
and  Pollard  (1982)  resolve  this  problem  by  suggesting  an  alternative  stability  crite- 
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Figure  7.14:  The  tiyy/fii  eiirve  as  function  of  the  width  of  tlie  ehanuel  for  some  of 
the  runs  (a.  SI,  b.  S2,  c  S3,  d.  So,  e.  S13,  f.  S4,  g.  S8.  h.  S9,  i.  B2).  The  daslu'd 
lino  on  the  riglit  is  the  standard  l^arotropic  stability  criterion,  and  the  daslied  line 
on  th('  left  is  tin'  oiu'  suggested  by  Ingersoll  and  Pollard  (1982).  In  most  eases  the 
eurv('  c-ross('s  tlu'  barotropic  stability  curve  several  tinu's,  similar  to  what  is  sc'cn  in 
the  observations. 


lion  du('  to  th('  internal  columnar  structun'.  TIkw  suggest  that  in  order  for  th('  Huid 
to  to  have  stable  jets  ii  should  be  bigger  then  -\uyy.  Their  analysis  is  consistc'iit 
with  the  \’oyager  data.  In  our  model  due  to  the  special  geometry  used  for  the  bottom 
conv<'ctive  layc'r,  which  results  in  a  scale  s('i)aration  between  the  scale  of  tin*  instabil¬ 
ity  and  the  resulting  jets,  the  barotropic  stability  condition  is  still  violated  (Figure 
7.14),  and  yet  the  jets  are  stable  in  time,  due  to  the  continuing  exchange  of  energy 
between  th('  meati  flow  and  the  eddies  and  the  influence  of  the  deep  layer  on  the  uppc'r 
layer  flows  (in  the  spirit  of  Stamp  and  Dowling  (1993),  but  with  jets  whi(4i  are  less 
barotropic).  W('  uot('  that  the  uppc'r  layer  Uyy  app('ars  to  approach  1^2  on  th('  iK'gative 
side,  indicating  again  the  importance  of  the  coupling  between  the  layers. 
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7.8  Summary 


Traditionally  there  have  been  two  hypotheses  for  the  existence  of  the  j('ts  ohs('rved  on 
the  giant  planets.  One  approach  (Basse,  1976)  assumed  that  the  interior  is  barotropic 
and  the  jets  are  generated  by  an  internal  columnar  structure,  while  th('  other  approach 
treats  the  gas  planets  as  a  shallow  water  system  (Dowling  and  Ingersoll,  1989)  as¬ 
suming  the  deep  atniosph('r('  is  passiv<'  and  jets  can  euK'rgc'  from  ('ddy  interactions 
(Williams,  1979;  Cho  and  Polvani,  1996).  Recent  observations  (.\tkinson  et  al.,  1996; 
Porco  et  al.,  2003)  imply  that  taking  only  one  of  these  aijproiiches  may  be  omit¬ 
ting  important  components  of  the  dynamics.  In  this  chapter  we  tried  to  conibine 
these  two  approaches  assuming  a  baroclinic  structure  which  internally  is  dominated 
by  columnar  structures  interacting  with  an  upper  layer  resembling  a  regular  weather 
type  layer.  In  addition,  w('  propose  that  baroclinic  instability  may  provide  th<'  energy 
source,  even  in  the  limit  of  weak  vertical  shear  as  suggested  by  observations. 

We  show  an  analytic  solution  for  the  generation  of  jets  in  tlu'  limit  of  a  single' 
mode  perturbation  interesting  with  baroclinic  zonal  flows  and  then  proceed  using 
a  pseudo-spectral  fully  nonlinear  numerical  model  to  show  that  such  jets  can  be 
generated  by  baroclinic  instability.  The  analytical  solution  provides  usefhl  insight  into 
the  mechanism  observed  in  the  numerical  results,  especially  in  the  way  nonlinearity 
organizes  the  zonal  flow  field.  The  obtained  jets  are  stable  on  long  time  scales  and  are 
visible  in  the  instantaneous  spatial  numerical  picture  without  the  nec'd  for  zonal  or 
time  averaging.  Clearly  there  is  much  more  to  be  understood  in  the  dynamics  acting 
in  the  interior  of  such  gas  giants,  and  such  a  parametrization  of  the  interior  is  just 
a  first  step.  However  it  does  suggest  the  importance  of  coui)ling  these  two  regimes 
even  though  they  may  be  governed  by  very  different  physical  mechanisms. 
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Chapter  8 


Conclusion 


8.1  Thesis  Summary 

We  look  at  the  n'sults  of  this  work  on  two  different  levels.  One  is  the  pun'  fluid 
dynamical  aspect  of  convection  in  an  anclastic  rotating  sphere,  and  the  second  is  the 
application  of  the  results,  and  this  new  GCM.  to  the  dynamics  and  circulation  of 
the  giant  planets.  We  will  begin  with  discussing  the  first  fusi)ect,  and  then  proceed 
to  discuss  the  second  in  line  with  the  questions  raised  in  section  1.4  regrading  the 
circulation  on  the  giant  planets. 

8.1.1  Convection  in  a  Rotating  Anelastic  Sphere 

From  oidy  a  fluid  dynamical  point  of  view  we  have  built  a  new  model  to  e.xamine  a 
problem  which  has  been  well  studied  before.  Using  anelastic  dynamics  rather  than 
Boussines(i,  the  fact  that  the  density  anomaly  depends  on  jiressure  as  well  as  entropy, 
the  general  equation  of  state  and  the  full  3D  spherical  system,  make  this  treatment 
uni(iue.  We  have  shown  that  some  of  the  ideas  suggested  by  linear  and  Boussinesc] 
theories  can  be  extended  into  cases  of  anelastic  turbulent  convection.  In  other  respects 
however  tlu'se  solutions  are  limited. 

We  begin  with  looking  at  the  issue  of  convection  in  a  system  where  the  din'c- 
tion  of  gravity  and  rotation  are  not  paralk'l.  This  problem  has  both  oceanographic 
a{)i)lications  (Sheremet,  2004),  and  is  addressed  in  the  planetary  literatun*  as  well 
(e.g.  Busse  et  ah,  1998).  We  show  that  the  ratio  \  =  ^ is  an  important  measure 
in  characterizing  the  dynamics,  and  sets  a  limit  between  rotationally  and  gravita- 
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tionnlly  doiiiiiiatcd  convection.  This  parameter  will  determine  if  tin'  convc'ction  is 
aligned  with  the  axis  of  rotation  or  not,  and  therefore  whether  convection  columns 
are  formed.  Wo  show  that  when  convection  is  not  aligned  with  the  axis  of  rotation, 
suj)errotation  wall  not  develoj),  and  in  fact  for  such  ettses,  the  equatorial  velocity  will 
he  retrograde.  Snperrotation  forms  only  when  convection  columns  align  parallel  to 
the  axes  of  rotation  and  are  tilted  in  the  direction  of  the  shear.  WV;  find  that  this  is 
a  robust  resnlt  as  long  as  y  >  1,  due  to  convection  driving  the  fluid  to  being  close  to 
isentropic.  The  number  of  columns  and  amplitude  of  the  shear  depends  on  the  values 
of  the  nondimensional  numbers. 

The  issue  of  the  tilting  or  spiraling  of  the  columns  was  shown  previously  by  studies 
such  as  Zhang  (1992).  These  cases  however  were  either  linear  or  weakly  nonlinear 
so  that  both  cyclonic  and  anticyclonic  cells  formed.  We  find  that  this  state  can  not 
be  sustained  when  the  shear  becomes  strong,  and  therefore  we  find  it  oidy  when 
velocities  are  small  during  spin-up.  When  the  shear  exceeds  a  critical  value  only  the 
rotating  cells  that  are  in  the  direction  of  the  shear  are  sustained.  The  circulation  cells 
before  and  after  this  transition  are  tilted  and  provide  therefore  an  angular  momentum 
flux  outw'ard.  Tin'  tilt  or  spiraling  of  th<^  columns  is  associated  with  tlu'  variation  in 
planetary  vorticity  in  the  direction  perpendicnlar  to  the  rotation  axis.  However  there 
is  still  a  single  and  positive  phase  velocity  which  sots  propagation  of  the  modes.  While 
the  i)erturbation  is  growing,  the  angular  momentum  flux  is  balanced  by  the  growing 
mean  zonal  velocity.  The  shear  is  created  by  the  progrrufe  surface  flow  on  the  exterior 
and  retrograde  surface  flow  in  the  interior.  Once  the  shear  has  become  large  enough 
and  the  circulation  undergoes  a  transition  to  having  only  cyclonic  cells  the  balance 
is  between  the  upgradient  momentum  fluxes  and  the  viscous  fluxes.  Superrotation  is 
maintained  near  the  equator  and  is  stable,  while  in  the  interior  there  is  a  subrotating 
flow. 

The  strength  of  the  subrotation  depends  on  the  level  of  compressibility  of  the 
ffuid.  In  a  Boussinesq  fluid  the  strength  of  the  westward  subrotation  in  the  interior 
would  l)e  comparable  to  the  eastward  superrotation.  However  when  the  dc'iisity  in 
the  interior  is  larger,  the  subrotating  flow  will  be  weaker  than  the  superrotation  due 
to  a  l)aroclinic  contribution  to  vorticity  which  is  associated  with  the  compressibility 
of  the  fluid  (section  4.3).  Anelastic  effects  are  therefore  strongest  along  the  outside 
edge  of  the  sphere,  where  compressibility  is  greatest.  Wo  find  that  this  radial  shear 
associated  with  the  compressibility  varies  also  in  latituch’. 
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Although  su|)(’n()tati()ii  lias  boon  shown  in  sovoral  3D  Bonssiiiosij  studios,  thoso 
havo  not  domonstratod  tho  link  to  the  linear  theories  and  have  not  shown  oxplioitly 
the  nioohanisni  for  tho  snporrotation  in  a  3D  system.  In  some  of  tho  other  models  this 
oironlation  appears  only  when  averaging  in  time.  To  tho  best  of  onr  knowh'dgo  this 
is  tho  first  model  which  shows  tho  oonvootivo  colnmns  oxplioitly  in  tho  3D  How.  tho 
eastward  propagation  of  these  columns,  tho  shear  within  the  column  in  tho  direction 
of  tho  rotation  axis  and  tho  transition  to  only  colnmns  rotating  in  tho  direction  of  tho 
shear.  In  chapters  4  and  5  wo  use  simpler  models  to  understand  the  physics  governing 
tlu^so  processes,  and  give  approximate  analytic  ('X|)rossions  to  their  dopondoncc'  on  tlu' 
properties  of  the  fluid. 

8.1.2  Application  to  the  Atmospheres  of  the  Giant  Planets 

rh<'  s('cond  aspect  of  this  work  is  the  application  of  these  n'snlts  to  tho  dynamics  of 
th('  giant  plaiK'ts.  In  this  respect,  onr  general  circulation  model  is  an  improvement 
over  previous  models  diK'  to  the  inclnding  of  compre.ssible  dynamics,  more  realistic 
thermodynamics  ami  a  forcing  which  is  not  confined  to  the  domain  boundaries.  Be¬ 
yond  the  im|)roved  [diysics  an  important  advantage  of  this  new  model  is  that  it  is  now 
part  of  th('  MITgem  standard  package,  and  can  b(>  downloadc'd  and  used  by  anyom’. 
One  of  th('  problems  with  comparing  numerical  restdts  is  the  limited  accessibility  to 
other  models  and  specific  configurations  which  could  not  be  cross  examined.  The 
opc'ii  code  philosophy  of  the  MUgcm  and  the  available  manual  and  help  resources, 
make'  this  model  easily  accc'ssible. 

In  section  1.4  we  have  raised  several  questions  regarding  the  circulation  on  the 
giant  ])lam'ts.  We  come  bax  k  to  these  in  light  of  onr  study. 

Both  .Jupiter  and  Saturn  are  dominated  with  a  strong  superrotating  equatorial 
flow  (Figure  1.1).  We  have'  shown  that  angular  momentum  eddy  fluxes  associat('d 
with  convection  in  a  rotating  system  can  drive  superrotation  with  velocities  similar 
to  the  velocities  on  the  giant  planets.  The  fluid  velocities  in  our  model  do  depend 
on  the  Rayleigh  and  Ekman  numbers;  however  the  mechanism  for  superrotation  does 
not  depend  on  the  nondimensional  numbers  (see  discussion  in  5).  We  show  in  section 
4.7  that  although  the  velocities  depend  on  the  nondimensional  numbers  the  velocity 
profile  remains  consistent  for  a  range  of  Rayleigh  numbers  (Figure  4.16).  .\nother 
result  which  our  model  configuration  is  sensitive  to  is  the  latitudinal  e.xtent  of  the 
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suporrotating  jot.  For  our  standard  typo  siriiulatioii  (with  an  innor  i)ouiidarv  at  about 
half  the  radius  of  the  planet)  the  jet  is  wider  than  the  observation  on  .Jupiter  (close 
Saturn’s  suporrotation).  Wo  show  however  that  for  a  relatively  shallow  domain  the 
jot  width  is  sensitive  to  the  location  of  the  bottom  boundary.  Due  to  the  uncertainty 
in  the  dynamics  of  the  interior,  this  suggests  a  link  between  the  width  of  the  super¬ 
rotation  and  the  depth  of  the  jot.  This  is  consistent  also  with  the  weaker  interior 
circulation  due  to  anelastic  effects.  We  find  that  for  more  turbulent  Hows  (higher 
Rayleigh  number,  lower  Ekman  number)  the  equatorial  jet  is  narrower  and  stronger. 

We  focused  our  work  on  .Jupiter  parameters  but  much  of  our  results  should  apply 
to  Saturn  as  well  and  to  a  lesser  extent  to  Uranus  and  Neptune  which  probably  have  a 
much  shallower  dynamical  region.  This  brings  the  question  of  why  are  the  equatorial 
winds  on  the  gas  giants  su{)errotating,  while  on  the  ice  giants  they  an*  subrotating? 
We  described  above  the  mechanism  for  superrotation  on  the  gas  planets.  We  find 
that  the  only  criterion  that  the  fluid  has  to  obey  in  order  to  get  superrotation  is  that 
the  parameter  we  defined  as  x  =  is  gr('at<'r  than  one.  D('scriptively  that  means 

that  the  fluid  is  dominated  by  rotation  and  not  by  convection.  We  show  that  for 
th('  parameters  of  .Jupiter  and  Saturn  this  indeed  is  the  case.  This  raises  a  (jnestion 
about  the  ice-giants  since  while  rotation  on  them  is  not  even  half  as  slow,  convection 
is  at  least  an  order  of  magnitude  weaker  than  on  the  gas  giants,  implying  therefore 
that  rotation  is  even  more  dominant.  However,  since  the  x  parameter  also  dei)ends 
on  the  domain  depth  ,the  x  parameter  may  still  be  less  than  one  for  the  ice-giants. 
I^articularly,  given  the  gravitational  acceleration  on  the  ice-giants,  if  the  dejjth  of  the 
relevant  fluid  region  is  30  times  smaller,  this  would  balance  a  flux  which  is  an  order  of 
magnitude  smaller.  Then  the  shallower  circulation  may  bring  the  planets  to  a  regime 
of  equatorial  subrotation. 

Another  key  question  is  how  deep)  are  the  zonal  winds.  Thermal  wind  estimates 
and  the  Galileo  probe  observations  have  p)rovided  some  data  (section  1.2)  yet,  also 
much  uncertainty.  The  main  advantage  of  this  model  com[)ared  to  the  previous 
Boussinesq  models  is  that  it  is  closer  to  a  realistic  dynamic  and  thermodynamic 
representation  of  the  interior.  However  if  the  fluid  is  barotropic  and  has  small  llossby 
and  Ekman  numbers  we  would  still  exi)ect  the  Taylor-Proudman  theorem  to  hold 
whether  the  fluid  is  Boussinesq  or  anelastic.  We  find  though,  that  the  convection  does 
homogenize  the  entrojxv  so  that  baroclinic  terms  are  still  important  in  the  vorticity 
balance.  Particularly  the  strong  variation  in  density  in  the  uj)per  levels  gives  a  big 
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barocliiiic  coiitributioii  duo  to  ooiiiprossibility,  which  results  in  a  zonal  v('locity  shear 
within  the  convection  columns.  Consequently  the  interior  zonal  velocities  ar('  weaker. 
This  result  is  differont  than  {)revious  suggestions,  which  either  assumed  a  deep  source 
for  th('  j<'ts  with  strong  interior  velocities  or  a  shallow  driving  force  and  weak  interior 
v('locities.  Therefore  solely  du<'  to  compressible  effects  we  expect  to  find  vortical  shear 
resulting  in  weaker  interior  velocities. 

Recent  observations  have  identified  waves  embedded  within  the  e(|uatorial  super¬ 
rotation.  We  find  waves  in  our  simulations  which  are  a  surface  manifestation  of  the 
conv('ction  columns  and  an'  therefore  enib('dded  within  the  superrotation.  It  is  dif¬ 
ficult  to  be  sure  the  observed  waves  have  the  same  dynamic's,  since  the  observed 
waves  have  a  wavelength  which  is  ~  |  of  the  finest  grid  resolution  in  our  simuhations. 
How('V('r  th('  si)acial  resemblance  with  crests  centered  at  the  ('(juator  that  are  curved 
eastward,  th('  phase  sjx'ed  which  is  about  ecpial  to  the  mean  zonal  velocity,  and  the 
fact  that  for  more  turbulent  flow  we  find  waves  which  are  narrower  and  with  a  higher 
wave'  nunilx'r  brings  us  to  hypothesize  that  the  waves  that  w('  sc'c  ou  the  planc't  an' 
related  to  fine  stnicture  convection  columns  from  within  .Jupiter’s  interior.  If  indeed 
this  is  th<'  cas(',  thc'n  basc'd  on  the  latitudinal  extc'iit  of  th('  waves  (10”)  th('  columns 
will  peiK'trate  no  more  than  1%  into  the  interior  of  the  planet. 

Another  important  question  is  why  is  there  a  nearly  latitudinally  uniform  thermal 
('mission  on  the  gius  giants.  Since  solar  forcing  is  stronger  at  the  etpiator  and  lower  at 
th('  polc's  (not  considering  seasonal  effects),  there  must  be  meridional  heat  transport 
in  the  poleward  direction.  Due  to  the  strong  zonal  dominance  at  the  cloud  level  it 
is  unlikely  that  this  is  a  shallow  procc'ss.  To  address  this  <jU('stion  (juantitatively  we 
must  have  solar  forcing  in  our  model  (section  8.2.1).  How('V('r  the  aligiiment  of  the 
convective  heat  fluxes  along  the  direction  of  the  axis  of  rotation  (Figure  4.8),  lejxds  us 
to  hyj)othesize  that  the  relative  heating  of  the  pole  may  be  associat('d  with  transport 
of  the  interior  heat  poleward  and  not  the  meridional  redistribution  of  the  solar  heat. 

Finally  we  come  to  the  (pmstion  of  the  jet  stability  and  multiple  zonal  jets.  The 
conv('ction  model  typically  produces  an  ('astward  jet  at  the  e<piator,  two  westward 
jets  in  niidlatitude  and  a  region  dominated  by  eddies  at  high  latitudes.  It  is  probable 
that  the  high  meridional  wind  structure  is  associaU'd  with  turbulent  procc'sses  that 
our  convection  model  can  not  resolve  (although  we  do  find  multiple  jet  structures 
which  are  not  steady  over  time  -  section  G.2).  Particularly  important  may  be  shear 
proc('ss(\s  in  th('  uppt'r  stably  stratific'd  h'vt'ls.  In  our  two  lay('r  model  w('  provid(' 
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a  rcpn’sciitatioii  of  tlio  deep  interior,  and  find  that  ninltii)le  haroclinit:  zonal  jots 
emerge  from  decaying  qnasigeostrophic  turbulence.  The  energy  of  these  jets  comes 
from  baroclinic  instability.  Those  jots  are  stable  duo  to  eddy  moan  flow  interactions, 
similar  to  the  processes  wo  have  seen  stabilizing  the  superrotating  jet  in  the  convection 
model.  We  suggest  therefore  that  even  weak  baroclinic  instability  (due  to  the  weak 
meridional  temperature  gradient)  can  provide  an  energy  source  for  jets.  This  model 
points  to  the  possibility  that  the  deej)  mechanism  that  we  described  [)reviously  is  the 
underlying  basic  structure  of  the  winds,  and  the  shallow  shear  processes  overlay  this 
deep  induced  flow. 

8.2  Future  Work 

8.2.1  Solar  Forcing 

One  of  the  original  goals  of  this  work  was  to  study  the  interaction  between  the  con¬ 
vective  driven  flow  and  the  circnlation  driven  by  solar  forced  meridional  temperatnn' 
gradients.  We  have  experimented  with  cases  where  the  interior  is  driven  by  the  reg¬ 
ular  convection,  while  the  top  is  forced  by  a  latitudinally  varying  entropy  gradient, 
so  that  the  upper  k'vels  are  gravitationally  stable.  The  probhun  of  having  a  model 
which  can  both  treat  the  convection  and  resolve  shear  instabilities  turns  out  to  be 
very  computationally  demanding.  The  problem  rises  since  the  viscosities  which  must 
be  used  for  the  convection  i)roblem  make  the  Reynolds  number  too  small  for  shear 
instabilities.  We  have  experimented  with  different  ways  of  resolving  this  problem 
snch  as  separating  the  horizontal  and  vertical  values  of  the  physical  parameters,  and 
increasing  the  resolution  of  the  simulation.  We  have  had  only  partial  success  in  doing 
this  and  this  is  left  for  future  research.  An  inherent  problem  is  that  in  a  convective 
system  the  deformation  radius  by  definition  is  non-existent  to  extremely  small,  and 
therefore  resolving  this  scale  is  not  possible.  The  existence  of  a  stably  stratified  layer 
on  top  is  therefore  essential. 

We  will  show  how'ever  some  very  initial  results  of  the  2D  system.  In  Figure  8.1 
we  show  two  cases  where  one  is  driven  only  by  an  exterior  temperature'  gradient  with 
no  internal  convection  (left  panel),  and  tlie  second  has  both  internal  and  external 
driving.  The  external  forcing  creates  a  large  Hadley  type  cell  which  in  the  presence  of 
convection  is  broken  by  the  convective  structures  which  as  we  have  showui  in  Figure 
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Figure'  8.1:  Tlio  uioridional  stn'ainfunction  for  eases  driven  by  only  an  exterior  tem¬ 
perature  gradient  (left)  and  both  internal  convection  and  a  similar  exterior  forcing 
(right). 

3.4  when  comparing  the  2D  and  3D  results,  and  are  stronger  at  high  latitudes  in  2D. 
Since  these  are  only  2D  ca.ses  there  is  no  equatorial  superrotation.  When  repeating 
tlu'se  experiments  in  3D  for  the  paramet('r  regime  of  tlx'  convection  model  we  find 
similar  large*  Hadley  type*  structures  with  an  associate'd  zonal  velocity  which  incr('a..ses 
away  from  the  (>qnator.  .\s  nu'ntioiu'd  the  interaction  of  the  exterior  and  interior 
forced  system  in  3D  is  left  for  future  work. 

8.2.2  Gravitational  Moments 

Since'  the  giant  i)lanets  have  she)rt  re)tatie)n  perie)ds  and  thew  are  (essentially  fluid 
objects,  the  planets  bulge  out  at  the  equator  in  response  to  the  centrifugal  force  (see 
Table  1.1)  .  Since'  we  have  made  the*  appre)xiniation  of  using  a  sphere  and  ne)t  an 
oblate  sphere  we  do  not  expect  that  when  calculating  the  low  order  gravitational 
monie'nts  from  the  elensity  fielel  they  weadel  match  the  planets  le)w  oreler  gravitatie)nal 
moments.  However  the  higher  e)rder  me)ments  are  less  dependent  on  the  oblateness  of 
the  planet.  Hubbard  (1999)  has  suggested  that  precise  measurements  of  the  high  order 
gravitational  moments  can  give  information  on  the  d('<'p  wind  structure  of  the  planet. 
He  showed  that  two  extrema  cases,  one  where  the  whole  planet  rotates  as  a  solid 
body  and  the  other  where  there  is  rotation  along  concentric  cylinders  as  suggested  by 
Busse  (1976)  differ  considerably  beyond  the  tenth  moment.  In  this  section  we  look 
at  sensitivity  of  the  gravitational  moments  calculated  for  our  model  for  two  cases,  an 


189 


anohustic  and  Boussiiiosci  case. 

The  gravitational  potential  outside  a  planet  satisfies  Laplace’s  ecpiation  and  in 
spherical  coordinates  (but  limiting  to  an  axisymmctric  solution)  has  a  solution  of  the 
form 
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where  P„  are  Legendre  polynomials  .  Assuming  the  potential  will  tend  to  zero  as  r 
goes  to  infinity  allows  taking  An  =  0.  Then  taking  the  gradient  of  the  potential  we 
can  find  the  gravitational  acceleration  as  a  function  of  the  radius 


wher('  G  is  the  Cavendish  constant  and  M  is  the  mass.  VVe  can  then  compute  ./„ 
by  calculating  the  appropriate  moments  of  the  density  distribution.  Thus  given  the 
density  distribution  from  our  mod('l  w('  can  calculate'  the  gravitational  moments. 
In  Figure  8.2  we  compare  the  moments  resulting  from  our  model  for  anelastic  and 
Boussines(|  3D  cases  to  the  ones  estimated  by  Hubbard  (1999).  The  green  and  black 
dots  are  the  moments  for  a  model  where  the  planet  is  rotating  like  a  solid  body  and 
where  the  planet  is  rotating  along  concentric  cylinders  respectively  as  calculated  by 
Hubbard  (1999).  The  diamonds  are  the  observed  values  for  Ji,  Ja  ./f,  as  measured 
using  Piori,(;(ir  and  Voyager  data  (Campbell  and  Synnott,  1985).  As  can  be  seen  from 
the  green  and  black  curves  beyond  n  =  10  the  two  scenarios  tested  by  Hubbard 
diverge  significantly.  The  red  points  are  the  moments  calculated  using  the  density 
anomalies  from  the  anelastic  model,  and  blue  points  are  the  moments  calculated  using 
the  density  anomalies  from  the  Boussinesq  model.  Since  our  model  is  a  symmetric 
sphere  the  low  order  moments  which  arc  dominated  by  the  oblateness  of  the  planet 
do  not  appear  in  onr  calculations.  The  ./«  moment  however  matches  Hubbard’s  model 
for  both  the  anelastic  and  Boussinesq  cases. 

The  significance  of  the  this  result  is  still  to  be  determined.  We  have  tested  the 
sensitivity  of  the  gravitational  moment  results  and  found  so  far  that  for  experiments 
Ral  and  Ra2  (Table  G.l)  the  moments  are  affected  somewhat  by  the  choice  of  the 
Rayleigh  number  but  we  could  possibly  estimate  this  effect  by  a  limiting  to  Rayleigh 
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Figiiro  8.2:  Gravitat  ional  inoincnts  tor  difiorout  interior  velocity  structures.  I  hc  grc'cu 
(lots  arc  the  uiouicuts  for  a  model  where  the  planet  is  rotating  like  a  solid  body  and  the 
black  dots  are  the  moments  where  the  planet  is  rotating  along  eoneentrie  cylinders. 
In  both  ease's  the  data  is  eourtc'sy  of  Bill  Hubbard.  The  diamonds  are  the  observe'd 
values  (Campbell  and  Synnott,  1985).  The  rod  points  arc  the  moments  using  our 
anehistie  model,  and  bine  points  are  the  mouK'nts  using  the  Boussinesq  nnxh'l.  The 
solid  liiK’  is  th('  det('etabl('  limit  of  .ILNO. 

numbers  that  have  velocities  on  the  ord('r  of  the  oiu's  on  the  planet.  A  particular  (pu's- 
tion  that  has  been  raised  is  a  discrepancy  between  the  theoretical  and  the  observed  J\ 
moments.  One  possibility  is  that  this  diserepaney  is  due  to  dc'iisity  fluctuations  due  to 
the  velocity  fields  (which  an*  not  taken  into  account  in  the  tlnxwetical  calculations). 
Studyitig  the  effect  of  density  fluctuations  in  our  model  on  might  help  in  address¬ 
ing  the  importance  of  th<'  cirenlatioji  r<'lat.<'d  density  flnetuations.  This  study  is  in 
very  preliminary  stages,  and  is  brought  as  an  addendum  to  the  thesis,  highlighting 
a  possible  particular  iinitlementation  of  our  model.  This  becomes  now  particularly 
relevant  due  to  the  upcoming  .JUNO  mission  to  .Jupiter,  which  will  iiK'asun'  the  high 
order  gravity  moments  in  order  to  try  and  solve  the  question  of  how  deep  are  the 
zonal  winds.  The  mission  is  scln’duled  to  be  launch('d  in  2011  and  rc'ach  .lupiter  in 
2017.  The  solid  black  line  in  Figure  8.2  is  the  detectable  limit  of  .JUNO.  The  model 
might  be  able  to  distinguish  between  the  gravitational  signature  of  different  velocity 
strnctnr('s  and  address  tin’  discrepancy  in 
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Appendix  A 

Applying  the  Deep  Anelastic  System 
to  the  MITgcm 


In  tliis  appendix  we  disenss  some  of  the  technical  details  associated  with  adapting  the 
MITgcm  to  giant  planets.  Due  to  the  nonhydrostatic  capability  of  the  ocean-MITgcm, 
we  have  chose  to  nse  it  over  the  atmospheric  version.  The  atmospheric  version  would 
allow  to  treat  more  easily  the  compressibility  effects,  but  addapting  the  nonhyrostatic 
version  to  pressure  coordinates  adds  other  difficulties  (see  further  discusion  in  section 
2.1).  Therefore  we  adopt  the  anelastic  approximation  and  use  the  ocean-MITgcm. 

Extending  the  model  to  a  full  sphere 

The  MITgcm  has  been  designed  for  for  calculations  on  a  thin  spherical  shell,  and 
therefore  did  not  allow  a  vertical  variation  of  the  grid  size  (the  zonal  grid  does  vary 
as  a  function  of  latitiide).  The  depth  of  the  ocean  is  typically  less  than  0.1%  of  tlie 
radius  of  the  planet,  and  thus  allowing  such  an  approximation.  When  extending  the 
model  to  a  full  sphere,  horizontal  grid  size  must  change  as  a  function  of  depth  and 
maintain  all  vertical  fluxes.  We  have  applied  this  by  defining  a  geometrical  factor 
based  on  the  sj)herical  geometry,  which  is  set  in  a  vector  that  multiplies  all  zonal 
and  meridional  grid  spacings  {dx  and  dy).  We  have  verified  this  modification  by 
comparing  results  for  for  different  planet  radii,  and  comparing  fluxes  and  geometrical 
factors  in  simple  test  cases. 
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Applying  the  anelastic  dynamics 

Similarly  to  redefining  the  grid  spacings  we  have  defined  a  vector  that  multiplies 
the  mean  density  by  a  factor  which  varies  as  a  function  of  depth.  This  factor  is 
calculated  from  the  mean  density  which  is  set  by  the  adiabatic  reference  state  and 
the  equation  of  state  (see  below).  Having  the  model  written  in  fltix  form  allowed 
inserting  these  factors  directly  into  the  divergence.  The  MITgcm  solves  first  for  the 
hydrostatic  pressure  (2D  solver)  and  then  for  the  nonhydrostatic  part  (3D  solver).  In 
both  the  Laplace  type  equation  for  pressure  is  solved  in  an  iterative  process.  Making 
the  density  a  function  of  depth  requires  special  care  since  the  vertical  components 
have  an  additional  terms  (3D  solver).  We  have  checked  consistency  in  the  Boussinesq 
limit  (although  the  Boussinesq  limit  is  simpler  not  only  because  the  independence 
of  p  but  also  because  the  density  fluctuations  from  the  equation  of  state  are  not  a 
function  of  pressure),  and  verified  fluxes  consistantancy. 

Implementing  interior  and  exterior  forcing 

We  have  discussed  the  interior  forcing  by  a  continuous  forcing  jjrofile  in  se(;tion  2.5. 
This  is  implemented  by  using  the  mean  temperature  profile  T  (set  by  the  reference 
state)  to  calculate  the  forcing  in  (2.48).  We  then  constrain  the  heating  so  that,  when 
integrated  over  the  whole  volume,  the  total  forcing  will  be  zero,  and  thus  no  net 
heating  is  added  from  the  system.  We  do  .so  by  integrating  this  profile  weighted  by 
the  vertical  grid  spacing  and  the  mean  density.  This  basically  shifts  the  cooling  ])rofile 
of  the  planet  so  that  the  interior  is  heating  and  the  exterior  is  cooling.  The  heating  for 
every  vertical  level  is  added  to  the  external  forcing  routine  of  the  MITgcm  as  entropy 
per  unit  time.  The  second,  simpler,  profile  we  have  used  and  discus.sed  in  sections 
3.1.2  and  6.4  is  simply  applying  a  heating  rate  to  the  bottom  boundary.  We  balance 
the  heating  by  relaxing  the  top  few  layers  to  a  reference  temperature  which  we  can 
deduce  from  the  observed  values  (Seiff  et  al.,  1997).  The  solar  heating  is  applied  as 
a  meridionally  varying  heating  of  the  top  grid  levels.  We  apply  this  in  the  same  way 
as  the  bottom  heat  flux  with  a  Newtonian  relaxation  on  top  (section  8.2.1). 
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Setting  the  reference  state 

The  reference  state  of  the  model  is  first  set  by  setting  the  vertical  grid  spacing.  VVe 
have  found  that  the  most  numerical  stable  configuration  is  to  set  a  constant  factor  in 
which  the  mean  pressure  grow's  as  a  function  of  depth  down  to  a  depth  beyond  which 
the  vertical  grid  spacing  itself  is  constant.  Using  a  geometric  series  in  mean  pressure 
all  the  way  down  w'ill  require  a  very  high  resolution  at  the  top  of  the  atmosphere, 
in  order  to  get  reasonable  representation  of  the  interior.  Using  constant  grid  spacing 
throughout  is  not  necessary  because  most  of  the  scale  heights  are  on  top.  Another 
possibility  which  can  be  attempted  is  setting  a  constant  number  of  grid  points  per 
scale  height,  but  this  might  have  an  unnecessary  resolntion  in  the  interior.  Once 
the  vertical  pressure  spacing  is  set  we  use  the  tables  of  Guillot  and  Morel  (1995),  to 
determine  the  relative  depth  of  each  mean  pressure  level.  This  allows  calculating  the 
level  depths  {dz),  which  are  the  input  of  the  ocean  MITgcm. 

As  discussed  in  section  2.2.1  we  assume  an  adiabatic  reference  state.  We  rise  the 
data  from  the  Galileo  probe  (Seiff  et  al.,  1997)  to  set  the  constant  reference  entropy 
level  of  the  adiabat.  Then  using  the  SCVH  EOS  (Saumon  et  al.,  1995)  we  can  find 
the  temperature  and  density  vertical  profiles  of  this  adiabatic  reference  state.  We 
hnd  that  this  profile  based  on  the  entropy  value  found  by  the  Galileo  probe  (which 
is  close  to  being  constant,  but  goes  down  only  to  24  bars)  matches  well  the  deep 
temperature  and  density  profiles  of  Guillot  and  Morel  (1995),  (Figure  2.5).  Once  the 
density,  entropy,  pressure  and  temperature  vertical  profiles  are  set  w'e  can  calculate 
the  local  density  dependence  on  entropy  along  isobars,  and  the  density  dependence 
on  pressure  along  the  adiabat,  which  will  be  the  coefficients  for  the  equation  of  state. 

Implementing  the  SCVH  equation  of  state 

For  the  ocean-MITgem  the  EOS  is  given  as  a  polynomial,  where  density  is  a  function 
of  potential  temperature  and  salinity.  We  take  advantage  of  this  framework  (poly3), 
and  set  the  density  as  a  function  of  entropy  and  pressure.  We  define  a  revised  ent  ropy 
variable  so  that  entropy  could  be  written  in  terms  of  potential  temperature  so  that 
this  converted  entropy  is  defined  as 

s'  =  T(l)e^ 
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where  a’  is  the  original  entropy  in  entropy  units,  and  Cp  is  the  isobaric  specific 
heat  for  an  ideal  gas  (we  show  it  does  not  vary  considerably  even  in  the  interior). 
Therefore  the  entropy  has  an  arbitrary  constant  (the  reference  level)  in  its  value  but 
this  does  not  effect  the  dynamics  set  by  equations  (2.8,2.9,2.10,2.7,2.28  and  2.47). 
For  every  level  in  our  vertical  grid  we  then  match  a  polynomial  to  the  variation  of 
density  as  function  of  entropy  along  the  mean  isobar.  This  gives  us  a  vector  with  the 
leading  order  coefficient  of  the  polynomial  (for  each  vertical  level)  which  we  then  use 
for  the  dependence  of  density  on  entropy  in  the  EOS.  The  second  set  of  coefficients 
(dependence  of  density  on  pressure  along  an  adiabat)  is  simpler  since  the  reference 
state  is  adiabatic  and  therefore  these  coefficients  can  be  deduced  from  the  mean  fields. 
We  calculate  the  vertical  gradient  of  density  in  respect  to  pressure  for  every  vertical 
level  and  obtain  a  second  set  of  coefficients.  Then  using  the  framework  of  the  j)oly3 
EOS  we  determine  the  full  density  as  a  sum  of  the  reference  mean  density  for  each 
vertical  level,  and  the  entropy  and  pressure  anomalies  weighted  by  the  coefficients 
described  above  so  that 

'’<*•">  =  (!)/'+ (I)/' 

For  a  Boussinesq  system  the  density  anomalies  will  not  be  a  function  of  pressure  and 
therefore  we  set  the  second  set  of  coefficients  to  zero  and  the  last  term  vanishes.  This 
reduces  computation  time  by  almost  an  order  of  magnitude  compared  to  the  anelastic 
case,  since  the  pressure  fluctuation  is  obtained  from  the  previous  time  step,  and 
therefore  requiring  a  small  time  step  (typically  bseconds  for  the  1°  resolution  runs). 
We  have  shows  in  section  4.3.2  the  necessity  of  including  the  pressure  anomalies  in 
the  EOS  for  the  anelastic  case.  We  also  use  the  SCVH  EOS  to  calculate  the  density 
and  temperature  mean  profiles  along  the  adiabat  we  have  set  for  the  reference  state 
as  described  above. 

Implementing  the  variation  in  gravity 

In  the  terrestrial  spherical  shell  models,  since  the  model  occupy  only  a  small  fracture  of 
the  planetary  radius,  the  gravitational  acceleration  is  taken  as  a  constant.  Here,  in  the 
deep  model  we  can  not  make  this  approximation,  and  we  calculate  the  gravitational 
acceleration  separately  for  every  vertical  grid  point.  This  is  calculated  by  integrating 
the  mean  density  (2.4)  from  the  interior  to  the  vertical  level  where  g  is  calculated. 
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We  calibrate  the  interior  values  so  that  the  gravitational  acceleration  at  the  surface 
inatclies  that  measured  on  Jupiter.  The  model  is  then  given  this  vector  similar  to  the 
way  we  implement  the  vertical  variation  in  grid  size  and  density. 
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Appendix  B 


Nonlinear  Truncated  Solutions  for  the 
Two-Beta  Model 

B.l  The  Derivation  of  the  Truncated  Model 

111  tins  Appendix  we  derive  the  nonlinear  solution  for  the  truncated  model.  We  begin 
by  rewriting  the  barotropic  and  baroclinic  jierturliation  (‘(piations  using  Qf  and  Qc 
as  defined  by  (7.18  and  7.19). 

d  T  0  ^  d  d  ^ 

— ^7'  +  +  Qt^^t  +  Qc-7^<i>c 

at  ox  ax  ox 

+  J  {(i)T,(]T)  +  J  {4>cOlc)  =  d  (B.l) 
d  (  d  d  \  ..  d 

w''  ^ 

{  d  d  \ 

~  (B.2) 

Expressing  the  perturbation  potential  vorticity  as  a  single  perturbation  wave  (7.22, 
7.23)  and  using  the  inversion  relations  (7.24,  7.25)  for  the  streainfunctions,  we  find 
that  the  .lacobians  in  the  barotropic  ecpiations  vanish  while  the  ones  in  the  baroclinic 
<'(|uations  give  an  expression  of  the  form 

=  q'fj  (t)  sin  {2ly)  (B.3) 
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as  given  by  (7.26).  Using  the  inversion  relation  (7.28)  and  the  boundary  condition 
(7.8)  gives  an  expression  for  the  correction  to  the  basic  streamfunction  given  by 


4>c  = 


-(I'c  (0 


4/2  +  F,  +  F2 


(B.4) 


sin  {2ly)  — 


sink  [i/Fi  +  F2  (y  -  ^)] 
v/F,  +  F2COsh 


which  when  differentiated  gives  a  correction  to  the  mean  flow  as  given  in  (7.29). 
Now  we  rewrite  the  barotropic  and  baroclinic  perturbation  equations  (B.1,B.2)  using 
(7.22,7.23  and  B.3).  For  clarity  we  note  that  the  baroclinic  basic  zonal  flow  now  has 
the  form 

=  Uo  +  Uc  =  Uq  +  q'f.  (t)  fu{y) 


where  /„  is  defined  by  (7.29).  Then  (B.1,B.2)  become 

(To  +  Qcfu)  (/c  ~  Qt^- 

(Qc  +  2Iy'^cos(2/y)) 


d 

sin(/y)^9r  +  iksm(ly)) 


(B.5) 


(B.6) 


(Ic 


k2  +  Fi  +  F2 


=  0 


d 


—  {sm{ly)q'(.  +  sin(2/y)(y^)  + 


(B.7) 


ik  sin(/y) 


(To  +  (fcfu)  {<lc  +  Wc)  ~  Qt 


<ic 


[Qc  +  2lq'c  cos{2ly)) 


k2  +  F,  +  F2 

iq'c 


K-  K/  +  Fi  +  F2 


Qt 


+ 


ikl  sin(2/?/)  (Fi  +  F2) 
k2  (k2  +  F,  +  F2) 


/  '♦  '♦  / 
QcQt  ~  QcQt 


=  0 
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Multiplying  by  sin(/y),  integrating  over  the  channel  and  normalizing  by  /  s\n(lyYdy 
gives 


Ft 


(Jrp  ”1“  ik 


{Uo  +  q'cIu)qc-QT^- 


(B.8) 


{Qc  -  Iq'c) 


ttn  qc 


^  >  , 
g^qc  + 


+  F,  +  F2 

Fo  +  q'c^u)  {q'c  +  ^q'c)  ~  Qt— 


=  0 


+  Fi  +  F2 

^q'c 


(B.9) 


{Qc  —  Wc)  (^"*■“21/?  iir 
'  '  +  F\  +  F2 


=  0 


where  the  integral  /„  is  defined  as 


In 


-I 


4/2  +  Fi  +  F2 

WHanh 


(B.IO) 


1  + 


TT \/ F]  +  F2  (4/2  +  F|  +  F2) 
while  projecting  by  sin(2/^)  gives  an  equation  for  the  baroclinic  mean  correction 

=  0  (B.li; 


d-  ^A:/(Fi  +  F2) 
k2(k2  +  Fi+F2) 


/  '♦  f 

qcqr  ~  qcqr 


E<)uations  (B.8,  B.9  and  B.ll)  define  the  system  which  we  can  solve  for  q'p,  q'p. 
and  q'p..  We  rewrite  the  equation  for  the  perturbation  (B.8)  and  (B.9)  in  the  form 


dt 


q  +  ikhq  +  ikq'^Nq  =  0 


(B.12) 


q'r 


where  q  =  I  fiiid  the  operators  are 

\^'c 


L  = 


N  = 


Qt 

^0  k2  +  Fi+F2  I 

CTj-  QtHQc  I 

(B.13) 

0 

I  +  — 

^  K-i 

«2  +  F,+F2  \ 

+  ) 

(B.14) 
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The  limit  where  N  =  0  gives  back  the  linear  problem. 


B.2  The  Weakly  Nonlinear  Limit  to  the  Truncated 
Model 


In  this  section  we  give  the  full  derivation  for  the  analytic  expressions  for  the  compo¬ 
nents  of  the  Landau-Gintzburg  equation  for  the  amplitude  of  the  weakly  nonlinear 
perturbation  given  in  (7.40).  This  limit  where  the  shear  is  taken  to  be  just  slightly 
supercritical  is  similar  to  the  weakly  supercritical  theory  of  Pedlosky  (1970),  only  for 
a  more  general  case  of  different  layer  depths  and  a  variable  /3.  In  the  linear  problem 
we  noted  that  (7.33)  the  linear  growth  rate  is  proportional  to  A^,  where  A  was  a 
small  increase  to  the  critical  shear  .  Therefore  we  can  define  a  slow  time  scale  (so  far 
we  have  treated  the  truncated  nonlinear  problem  without  requiring  it  to  be  weakly 
supercritical  or  defining  a  slow  time  scale)  thus 


d  5  .  a 

—  — ^  ^  — 

dt  dt  OT 


and  the  slow  time  expansion  sets  the  operator 


(B.15) 


L  —  Lq  H“  AL2 


(B.16) 


where  Loand  L2are 


Lo 

U 


—  9t  tj _ Qc _ 

Tj’  —  Qcl  ctj _ Qr+iQc 

_ I  Fj 

\/5k2 


v^Fi 


k'^-\-Fi+F2 


+ 


1  _  _ F1+F2 _ 

^  k^+Fi+Fj 

Fz 


_ L  ^[l-(Fi-f-F2)1 

\/5(K;2+Fi-t-F2)  n^+Fi+F2 


(B.17) 

(B.18) 


for  [/o  — >  f/o  +  We  expand 


q  = 


T  A  2  ^2  -f-  A52  T  O 


(B.19) 


and  we  assume  the  system  is  weakly  nonlinear  thus  N  will  be  O  (A).  By  the  choice 
of  Co  as  the  growth  rate,  qo  does  not  depend  on  t.  ql  and  q2  may  depend  on  t  but 
when  expanding,  the  solvability  condition  implies  that  all  have  the  same  t  dependents 
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(they  depend  differently  on  the  slow  time  scale  T).  Then  expanding  (B.12)  in  powers 
of  A,  gives 


O  :  zA:  (Lo  —  Cfll)  qo  =  0  (B.20) 

d  d 

0(A)  :  — qi  +  iA:  (Lo  -  Col)  Qi  +  — qo  =  0  (B.21) 

at  uT 

r\  ^ 

:  ^q2  +  ?A:(Lo  -  CoI)q2  +  ^qi  (B.22) 

-\-ik  (L2  +  qo  =  0 


The  eigenvalue  co  is  the  growth  rate  at  the  critical  point,  thus  it  is  a  double  eigenvalue. 
We  define  a  vector  r  so  that 

qo  =  A{T)r  (B.23) 

thus  r  is  the  eigenvector  of  Lq.  is  the  left  eigenvector  and  since  cq  is  a  double 
root  then  r^r  =  0.  Therefore  if  we  dot  the  system  with  then  it  falls  that  qi 
is  also  independent  of  t,  and  then  the  solvability  condition  implies  that  the  terms 
independent  of  t  in  the  O  ( A^  )  equation  vanish  as  w’ell.  So  that  the  system  becomes 


dA 

ik  (Lo  -  cqI)  qi  +  — r  =  0 
oT 


d 


dT 

The  first  ('(juation  defines  qi  so  that 


r’  T^qi  +  ik  [r^  (L2  +  r]  .4  =  0 


is  dA 

^  Tdf 


(B.24) 

(B.25) 


(B.26) 


where 


s  =  (Lo  -  Col)  '  r 


(B.27) 


Finally  the  O  gives  an  equation  for  the  slow  time  scale  growth  of  the  amplitude 

of  the  perturbation 


+  k'^  [r^  (L2  +  Nq'c)  r]  A  =  0 


(B.28) 
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All  is  left  is  to  add  the  growth  of  q'^  from  the  mean  equation  (B.ll).  By  expanding 
the  same  way  as  in  the  perturbation  equations  we  find 


\dt^  dTJ^^  K2(At2  +  F,  +F2) 
•  (qo  (2)  +  A^Qi  (2)j  ^Qo  (1)  +  A2q’J  (1)^  - 
(qa2)  +  A^;  (2))  (qo(l)  +  A^,(l))' 


0 


(B.29) 


where  the  first  components  in  the  vector  is  the  barotropic  part  and  the  second  is  the 
baroclinic  part.  Since  the  lowest  order  eigenvectors  are  real  (they  are  at  the  critical 
point),  the  lowest  order  terms  of  (B.29)  vanish.  Then  the  slow  time  evolution  of  the 
mean  is 


d  —  iki  (Fi  +  F2) 

(«-2  +  Fi  +  F2) 

•  [qo  (2)  ql  (1)  +  qi  (2)  qo  (1)  -  qo  (2)  qi  (1)  +  q]  (2)  qo  (1)]  =  0 


(B.30) 


using  (B.23)  and  (B.26)  this  becomes 

d-  /(F1  +  F2) 

ac2  (k2  +  Fi  +  F2) 

•[r(2)s(l)-s(2)r(l)]^A2  =  0 

Integrating,  assuming  the  correction  is  initially  zero  gives 

—  ^  /  (Fi  +  F2) 

k2  (k2  +  Fi  +  F2) 

•[r(2)s(l)-s(2)r(l)](|A|2-|.4(0)n 


(B.31) 


(B.32) 


which  completely  defines  the  system.  Therefore  given  a  basic  shear,  Fi,F2,/3i  and  ^2 
the  weakly  non  linear  stability  problem  can  be  solved. 

It  is  clear  from  (B.28)  that  if  N  =  0  then  (B.28)  reduces  to  an  equation  with  an 
exponential  solution  and  the  growth  rate  is  just  the  same  as  in  the  linear  solution 
(7.33).  Therefore  we  can  denote 


C,; 


r^L2r 

r+s 


(B.33) 
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and  the  nonlinear  term  cis 


_  r^Nr  I  (Fi  +  F2) 
r+s  rts  (k^  +  F]  +  F2) 

■|r(2)s(l)-s(2)r(l))(|.4|"-|.4(0)H 

So  finally  the  equation  for  the  slow  time  scale  amplitude  is 

^  +  k^NA  (1.4|'  -  |.4  (0)1')  -  0 

which  gives  equation  7.40. 


(B.34) 


(B.35) 
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